
Supplement to Lectures 5 and 6
Spectral Approach to Distributional Dynamics
(based on EF&G discussion of Alvarez-Lippi in March 2019)

Distributional Macroeconomics
Part II of ECON 2149

Benjamin Moll

Harvard University, Spring 2018

March 3, 2019



Purpose of these Notes

• Explain “eigenvalue-eigenfunction approach” or “spectral
approach” to distributional dynamics

• Used in two recent papers

1. Gabaix-Lasry-Lions-Moll “The Dynamics of Inequality” (Ecma, 2016)

2. Alvarez & Lippi (2019) “The Analytic Theory of a Monetary Shock”

These notes are based on a discussion of Alvarez-Lippi at the
NBER EF&G Meeting in San Francisco on March 1, 2019
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Overview

Key message: even though GLLM, Alvarez-Lippi study environment w

• continuous time t

• continuous state x

conceptually everything is the same as with discrete time & states

Approach has two steps:

1. express transition dynamics in terms of eigenvalues &
eigenvectors/functions

2. analytic solution for these
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Plan for Explanation

1. Discrete time, discrete states

2. Continuous time, discrete states

3. Continuous time, continuous states

Again, point is: it’s all the same!
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1. Discrete time, discrete states

• xit ∈ {x1, ..., xN} ⇒ distribution = vector pt ∈ RN (histogram)

• Dynamics of distribution

pt+1 = A
Tpt ,

where A = N × N transition matrix

• Example: symmetric two-state process, A =
[
1− ϕ ϕ

ϕ 1− ϕ

]
• Stationary distribution solves

p∞ = A
Tp∞

i.e. eigenvector corresponding to unit eigenvalue: λv = ATv, λ = 1

• But what about transition dynamics? Spectral approach
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1. Discrete time, discrete states

• Spectral approach to distributional dynamics
• assume AT is diagonalizable
• denote eigenvalues by λ1 > λ2 > ... > λN
• corresponding eigenvectors by v1, ..., vN

Result: can write p0 =
N∑
j=1

bjvj and hence pt =

N∑
j=1

λtj bjvj

• Two-state example from previous slide: λ1 = 1 and λ2 = 1− 2ϕ

⇒ pt = b1

[
1

1

]
+ (1− 2ϕ)tb2

[
−1
1

]
• Similarly, IRFs for moments of distribution

Ht :=

N∑
i=1

f (xi)pit = f
Tpt =

N∑
j=1

λtj bj
(
fTvj

)
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1. Discrete time, discrete states
• Spectral approach to distributional dynamics

• assume AT is diagonalizable
• denote eigenvalues by λ1 > λ2 > ... > λN
• corresponding eigenvectors by v1, ..., vN

Result: can write p0 =
N∑
j=1

bjvj and hence pt =

N∑
j=1

λtj bjvj

• Two-state example from previous slide: λ1 = 1 and λ2 = 1− 2ϕ

⇒ pt = b1

[
1

1

]
+ (1− 2ϕ)tb2

[
−1
1

]
• Similarly, IRFs for moments of distribution

Ht =

N∑
j=1

λtj bj [p0]bj [f], bj [f] := f
Tvj

Discrete analogue of Alvarez-Lippi’s main formula
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Quick summary so far

Approach has two steps:

1. express transition dynamics in terms of eigenvalues & eigenvectors

• very general

2. analytic solution for these

• only works in particular cases, e.g. two-state example

Will come back this...
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2. Continuous time, discrete states

Assume process for xit = finite-state Poisson process

Everything the same except

ṗ(t) = ATp(t)

λj ≤ 0

p(t) =

N∑
j=1

eλj tbjvj

H(t) =

N∑
j=1

eλj tbj [p0]bj [f]
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3. Continuous time, continuous states

Now suppose x is continuous rather than discrete

Everything still the same but need a bit of new vocabulary:

• vector p⇔ function p

• matrix A⇔ (linear) operator A

• transpose AT ⇔ adjoint A∗

For example: distribution is now a function

p(x, t)

rather than a vector p(t)
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3. Continuous time, continuous states

• Particular example: Brownian motion dxit = µdt + σdWit

• Question: how characterize p(x, t)?

• Useful fact: p satisfies Kolmogorov Forward equation

∂p(x, t)

∂t
= −µ

∂p(x, t)

∂x
+
σ2

2

∂2p(x, t)

∂x2

• Now comes the key: write this in terms of differential operator

∂p

∂t
= A∗p, A∗ := −µ

∂

∂x
+
σ2

2

∂2

∂x2
(∗)

which is exact analogue of

ṗ(t) = ATp(t)
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3. Continuous time, continuous states

• This goes further: just like AT, A∗ has eigenvalues & eigenvectors

• The eigenvalues λj and eigenfunctions φj(x) of A∗ solve
λφ = A∗φ ⇔ λv = ATv

• Also everything else is “the same”
∂p

∂t
= A∗p ⇔ ṗ(t) = ATp(t)

p(x, t) =

∞∑
j=1

eλj tbjφj(x) ⇔ p(t) =

N∑
j=1

eλj tbjvj

and similarly for IRFs ...

• Aside “for the interested nerd”: comes from quantum mechanics
• John von Neumann (1932) “Mathematical Foundations of
Quantum Mechanics”
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3. Continuous time, continuous states
• Finally: these eigenvalue problems are differential equations, can
be solved analytically in special cases

• For example: eigenvalue problem from previous slide

λφ = A∗φ, A∗ := −µ
∂

∂x
+
σ2

2

∂2

∂x2
& boundary conditions

is simply an ODE

λφ(x) = −µφ′(x) +
σ2

2
φ′′(x) & boundary conditions

• Analytic solutions with σ2/2 = 1, reflected on [0, 1]

λ0 = 0, λj =
µ2

2
+
π2j2

2
, j = 1, 2, ...

φj(x) = ±
e−µx√

1 + µ2/(π2j2)

{
cos(xπj) +

µ

πj
sin(xπj)

}
which is similar to Alvarez Lippi’s formulas – see Linetsky (2005)
“On the Transition Densities for Reflected Diffusions” 11



Summary of Approach

Conceptually, everything is the same as with discrete time & states!

Two steps:

1. express transition dynamics in terms of eigenvalues &
eigenvectors/functions

2. analytic solution for these

Analogies:

• vector p⇔ function p

• matrix A⇔ operator A

• transpose AT ⇔ adjoint A∗
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Applications
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GLLM (2016) “The Dynamics of Inequality”
Main message: standard theories of top inequality⇒ very slow
transition dynamics, too slow relative to data

THE DYNAMICS OF INEQUALITY 2093

FIGURE 3.—Theoretical speed of convergence of different moments of income distribution.

We next consider the effects of an increase in σ2 from 0�01 in 1973 to
0�025 today in the baseline random growth model and how they compare to
the evolution of inequality in the data. We set δ = 1/30 as above and set
μ to match the observed tail inequality in 1973, η1973 = 0�39, which yields
μ = δη − σ2/(2η) = 0�002, that is, individual income growth 0.2% above
the economy’s long-run growth rate. Figure 4 plots the time paths for the
top 1% income share (panel (a)) and the empirical power law exponent
(panel (b)) following the increase in σ2 in the baseline random growth model
and compares them to the same data series that we have already plotted in
Figure 1.45 Not surprisingly given our analytical results, the model fails spec-

FIGURE 4.—Dynamics of income inequality in the baseline model.

45We solve the Kolmogorov Forward equation (5) numerically using a finite difference method.

GLLM main theorem in a nutshell:

1. spectral approach: p(t) =
∑N
j=1 e

−|λj |tbjvj ≈ b1v1 + e−|λ2|tb2v2

2. analytic formula for |λ2| = 1
2
µ2

σ2
+ ζ (but not higher eigenvalues)

3. |λ2| very small for any reasonable parameterization 13



Alvarez-Lippi (2019) “The Analytic Theory of a Monetary Shock”

Main results:
1. “selection effect” decouples price adj frequency & output response

(active in menu cost models but not in Calvo)
2. “price plans” may yield hump-shaped IRFs
3. monetary policy less effective when volatility is high

(but only if monetary expansion lags volatility shock sufficiently)
Relative to GLLM: all eigenvalues rather than just spectral gap!
Analytic characterization of whole profile of IRF. Example:Figure 5: Price Plan model

time
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ℓ = 0.95

Output IRF to monetary shock, Price Plan Model

6 Volatility shocks and the propagation of monetary

impulses

This section discusses the effect that changes to the volatility of shocks exert on the propa-

gation of monetary shocks. The issue matters to e.g. the effectiveness of monetary policy in

recessions vs boom, when the state of the economy is assumed to feature, respectively, high

vs low volatility of shocks as in Vavra (2014). Our method provides a sharp analytic answer

to this question.

For concreteness we illustrate the problem by using the pure menu cost model (without

Calvo adjustment i.e. ζ = 0 so that φ = ℓ = 0), whose output response to a small monetary

shock was given in equation (18). We conduct comparative statics exercise to analyze how

the propagation is affected by an innovation of the “volatility shocks”, namely a permanent

change in the common value of the idiosyncratic volatility σ.8

8For simplicity and clarity of the results we consider here once and for all shocks to volatility. It is simple
to modify the setup to consider a two-state Markov switching volatility process and to solve the associated

32

14



Alvarez-Lippi’s Main Theorem

Impulse response after t periods:

H(t; f , p̂) =

∞∑
j=1

eλj tbj [f ]bj [p̂]

and analytic solutions for λj , bj [f ], bj [p̂], e.g.

λj = −
[
ζ +
σ2

8x̄
(jπ)2

]
, j = 1, 2, ...

Exact analogue of

Ht =

N∑
j=1

λtj bj [p0]bj [f], bj [f] := f
Tvj
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Other References

• Stefan Krieger (2002), “The General Equilibrium Dynamics of
Investment and Scrapping in an Economy with Firm Level
Uncertainty”

• Atkeson and Uhlig (2000), “Neoclassical growth with idiosyncratic
and aggregate shocks: a linearization approach”

• Neither of these papers ever saw the light of the day, but you can
find a draft of the former via google
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