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Plan for the four RL lectures

1. The basic idea of RL

2. Dynamic programming revisited
® Value function iteration

® Howard policy iteration
3. Monte Carlo methods
4. Stochastic approximation
5. Temporal difference learning, Sarsa, Q-learning

6. Policy gradient and actor-critic methods
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Note: my slides are mostly a shortened/adapted version of Zhao'’s great slides

https://github.com/MathFoundationRL/Book-Mathematical-Foundation-of-Reinforcement-Learning
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Temporal Difference Learning



Introduction

® This lecture introduces temporal-difference (TD) learning, which is one of the
most well-known methods in reinforcement learning (RL).

® Monte Carlo (MC) learning is the first model-free method. TD learning is the
second model-free method. TD has some advantages compared to MC.

* We will see how the stochastic approximation methods studied in the last
lecture are useful.



Terminology: Incremental vs Episodic Learning

Recall simplest Monte Carlo RL algorithm. Policy evaluation step is:

[e'S) N T
1 S
G, (5. a) = Ex, [Z Yr(sea) | so=s,a = a] 2 DIPIACED

t=0
Can write as

(s 2) =l (s.0) + =

-
Y Atr(sh at) — (s, a)] ()
t=0

But note: always need to wait until end of episode t =0, ..., T to update estimate of
Q function, cannot update estimate in real time

In contrast, this lecture: develop algorithms that update in “real time”
Ge+1(St, ar) = Ge(Se, ar) + o x stuff, g, = time-t estimate of gy, (%)
Terminology:
® “Incremental learning” = update in “real time” as in (xx)
* “Non-incremental (or episodic) learning” = don’t update in “real time” as in (x)
Note: Sutton-Barto also use “online/offline” but “offline RL” means something else



TD learning is incremental

From Sutton-Barto:

Equation 2.4). Let us call this method constant-a MC. Whereas Monte Carlo methods
must wait until the end of the episode to determine the increment to V(S:) (only then is
G¢ known), TD methods need to wait only until the next time step. At time ¢ + 1 they
immediately form a target and make a useful update using the observed reward R;y; and
the estimate V(Sgx1). The simplest TD method makes the update

“Incremental” vs “episodic” is more general

Second part of lecture = TD learning with function approximation: write algorithms
that update some parameter vector 9 in real time

0:11 = 6: + a x stuff(6;) = incremental algorithm

Next lecture = policy gradient methods:
® Most basic one (REINFORCE): 6,.1 =0; + o Z;O vtstuff,(6;) = episodic

e Actor-critic: 6;.1 = 0; + a x stuff; = incremental



TD learning of state values v, (s)

First focus on simpler problem: learn value function v, (s) for fixed policy ™

Vr(s) = Eqx li Yir(st, ar)
t=0

So = 51 . Stx1 ~ p(-|st, at), ar ~ w(-|st)

After that: learn action-value function g (s, a) and combine with policy improvement
step

Notation:
ve(s) = time t estimate of v, (s)



TD learning of state values — Algorithm description

The TD learning algorithm is

Ver1(st) = ve(se) + ae(st) Hftﬂ +ve(ses1)] — Vt(st)]v (1)
Ver1(s) = ve(s), Vs # s, 2)

wheret=0,1,2,...

Here, v;(s;) is the estimated state value of v,(s;); a:(s;) is the learning rate of s, at
time t.

* At time t, only the value of the visited state s; is updated whereas the values of
the unvisited states s # s; remain unchanged.

® The update in (2) will be omitted when the context is clear.



TD learning of state values — Algorithm properties

The TD algorithm can be annotated as

TD error 6+
Veri(se) = ve(se)  tae(se) |[rern +yve(seea)] —ve(se) |, ()
SN—— S~—~—
new estimate current estimate TD target v:

Here,
Ve = req1 +yve(Se41)
is called the TD target.
0r = [ree1 +YVe(Se41)] — ve(st) = Ve — ve(st)

is called the TD error.

Observation: The new estimate v;.1(s;) is a combination of the current estimate
v¢(st) and the TD error.



TD learning of state values — Algorithm properties

First, why is V; called the TD target?
That is because the algorithm drives v(s;) towards ;.
To see that,

Ver1(st) = ve(st) + ae(se) [0r — ve(st)]
= Ver1(5e) = Ve = vi(Se) = + ae(st) [Ot - Vt(st)]
= Vey1(Se)— Ve = [1 — ae(se)][ve(st) — ]
= [vera(se) = V| = |1 — ae(se)| | ve(se)— Vx|

Since a:(s;) is a small positive number, we have
0<l—a(s) <1
Therefore,
Vet (se)—Ve| < [ve(se) — v

which means v(s;) is driven towards ¥,!



TD learning of state values — Algorithm convergence

Theorem (Convergence of TD Learning)

By the TD algorithm (1), v¢(s) converges with probability 1 to v.(s) foralls € S as t — oo if
Y,au(s)=occand ), ai(s) <ocforallseS.

The proof of the theorem can be found in Shiyu Zhao'’s book.
Remarks:

® This theorem says the state value can be found by the TD algorithm for a given policy 7.

® Y, ai(s) =occand 3, a?(s) < co must be valid for all s € S.
- For condition >, a¢(s) = oco: At time step t,
o If s = s, then ot (s) > 0;
o If s # st, then o (s) = 0.
As aresult, >, a(s) = oo requires every state must be visited an infinite (or sufficiently
many) number of times.
- For condition 3, af(s) < oo: In practice, the learning rate a is often selected as a small

constant. In this case, the condition that }~, a?(s) < oo no longer holds. When « is constant,
it can still be shown that the algorithm converges in an expectation sense.



TD learning of state values — Algorithm properties

While TD learning and MC learning are both model-free, what are the advantages
and disadvantages of TD learning compared to MC learning?

TD/Sarsa learning MC learning

Incremental: TD learning is Episodic: MC learning is episodic. It
incremental. It can update the has to wait until an episode has been
state/action values immediately after completely collected.

receiving a reward.

Continuing tasks: Since TD learning Episodic tasks: Since MC learning is
is incremental, it can handle both episodic, it can only handle episodic
episodic and continuing tasks. tasks that have terminal states.

Table: Comparison between TD learning and MC learning.



TD learning of state values — Algorithm properties

While TD learning and MC learning are both model-free, what are the advantages
and disadvantages of TD learning compared to MC learning?

TD/Sarsa learning MC learning

Bootstrapping: TD bootstraps Non-bootstrapping: MC is not
because the update of a value relies on  bootstrapping, because it can directly
the previous estimate of this value. estimate state/action values without
Hence, it requires initial guesses. any initial guess.

Low estimation variance: TD has High estimation variance: To

lower variance than MC because there  estimate gx(s:, a:), we need samples
are fewer random variables. For of Rip1 + YRey2 + Y Regs + - - -
instance, Sarsa requires Suppose the length of each episode is
Res1, St+1, Aty L. There are |.A|" possible episodes.

Table: Comparison between TD learning and MC learning (continued).



TD learning of action values — Sarsa

* The TD algorithm introduced in the last section can only estimate state values.
* Next, we introduce Sarsa, an algorithm that can directly estimate action values.

¢ We will also see how to use Sarsa to find optimal policies.



Sarsa — Algorithm

First, our aim is to estimate the action values of a given policy .
Suppose we have some experience {(s;, ar, rt41, St41, dri1) be-

We can use the following Sarsa algorithm to estimate the action values:

Ge+1(5t, ar) = qe(Se, ar) + ae(Se, ae) [[res1 + YGe(Se10 ae1)] — Ge(Se, ar) |,
Ger1(s. a) = qi(s,a), V(s a) # (s, ar),
where t =0,1,2, ...

® g:(s:, ar) is an estimate of g, (s;, a;);
® a;(s;, a;) is the learning rate depending on s, a;.



Sarsa — Algorithm

* Why is this algorithm called Sarsa? That is because each step of the
algorithm involves (s;, a;, rr+1, St+1, ar+1)- Sarsa is the abbreviation of
state-action-reward-state-action.

* What is the relationship between Sarsa and the previous TD learning
algorithm? We can obtain Sarsa by replacing the state value estimate v(s) in
the TD algorithm with the action value estimate q(s, a). As a result, Sarsa is an
action-value version of the TD algorithm.

* What does the Sarsa algorithm do mathematically? The expression of
Sarsa suggests that it is a stochastic approximation algorithm solving the
following equation:

an(s.a) =E[R+7g:(S' A) |s,a], Vs, a

This is another expression of the Bellman equation expressed in terms of
action values. The proof is given in Shiyu Zhao'’s book.



Sarsa — Algorithm

Theorem (Convergence of Sarsa learning)

By the Sarsa algorithm, q:(s, a) converges with probability 1 to the action value
dr(s,a)ast — oo forall (s, a)ify., a(s,a) =ocoand Y, a3(s,a) < oo forall (s, a).

Remarks:

® This theorem says that the action values can be found by Sarsa for a given
policy .



Sarsa — Implementation

The ultimate goal of RL is to find optimal policies.
To do that, we can combine Sarsa with a policy improvement step.
The combined algorithm is also called Sarsa.

Pseudocode: Policy searching by Sarsa

for each episode do
Generate a, at sy following 7o (o)
fors: (t=0,1,2,...) not the target state, do
Collect an experience sample (re+1, St+1, a:+1) given (s, a:): generate
rt+1, Se+1 by interacting with the environment; generate a;.:1 following 7¢(s¢+1).

Update g-value for (s, a:):
Ge+1(St, ar) = qe(Se, ar) + oe(st, ar) [ft+1 + YGe(St+1, ar+1) — Ge(se, at)]
Update policy for s;:

mepa(alse) =1 — 5y ([A(se) = 1) if a = argmax, et (st a)
Ter1(alse) = ﬁ otherwise

St < St41, At < adt41




TD learning of optimal action values — Q-learning

Sarsa estimates action values of a given policy m = must be combined with a policy
improvement step. Q-learning directly estimates optimal action values:

Ge1(Se. @) = Ge(St, ar) + oue(se, ar) |:[rf+1 7y max qe(Se+1. )] — ae(se, at)} ;
Ge1(s,a) = qe(s,a), V(s a) # (st, ar)
Very similar to Sarsa, they differ only in the TD target:
® Q-learning: ri11 + ymaxaea Ge(Str1, @)  vs  Sarsa: riy1 + Y9e(Str1, re1)

What does Q-learning do mathematically? It is a stochastic approximation
algorithm solving

q(s,a) =E|R¢y1 +y max q(S¢r1,a) | St =5, A = a], Vs, a.

This is the Bellman optimality equation expressed in terms of action values =
Q-learning estimates g. directly, no policy improvement step needed



Q-learning — Implementation

Q-learning is “off-policy”: the update only needs (s;, a;, rr+1, St+1), SO the data can
be generated by any policy (“behavior policy”), not the one being learned. Simplest
implementation (a; generated by e-greedy, as in Sarsa):

Pseudocode: Policy searching by Q-learning

for each episode do
fors: (t=0,1,2,...) not the target state, do

Collect an experience sample (a:, rt+1, St+1) given s;: generate a; following

m:(st); generate riy1, se+1 by interacting with the environment.

Update g-value for (s¢, a:):
Ge+1(St, ar) = qe(St, ar) + oue(se, ar) [ft+1 + v maxa ge(St41, @) — qe(st, at)]

Update policy for s;:
mea(alse) = 1 — iy (A(s)] — 1) if a = argmaxa ger1(st, a)
mepa(alst) = x5y Otherwise

Note: no a;+; needed for the update, unlike Sarsa. See Zhao’s book for a fully
off-policy version (all data from a fixed exploratory behavior policy)



Temporal Difference Learning
with Function Approximation
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Motivating examples: curve fitting

So far in these lectures, state and action values are represented by tables.

® For example, action value:

di as as ag as
s1 | Gr(s1,a1) | Gn(s1,a2) | Gr(S1,a3) | Gr(S1,as) | Gu(s1, as)
So qu(Sg. 81) qw(59, 82) qw(59, 83) Chr(59, 84) Clw(59, 85)

® Advantage: intuitive and easy to analyze

® Disadvantage: difficult to handle large or continuous state or action spaces.

Two aspects: 1) storage; 2) generalization ability



Motivating examples: curve fitting

* Idea: Approximate the state and action values using parameterized functions:
V(s, w) = vy(s) where w € R™ is the parameter vector.

* Key difference: How to access and assign the value of v, (s)
¢ Advantage:

1) Storage: The dimension of w may be much less than |S|.

2) Generalization: When a state s is visited, the parameter w is updated so
that the values of some other unvisited states can also be updated.



Motivating examples: curve fitting

Consider an example:
® Suppose there are one-dimensional states sy, . . ., Sis]-
® Their state values are v,(s1), ..., vr(Sis|), where 7 is a given policy.

® Suppose |S| is very large and we hope to use a simple curve to approximate
these dots to save storage.

V) 3

o vis)”

: ;{-S

Figure: An illustration of function approximation of samples.



Motivating examples: curve fitting

First, we use the simplest straight line to fit the dots.
Suppose the equation of the straight line is

V(s,w)=as+b=s, 1] {Z} =o' (s)w
N——
¢7(s) ~~
w
where
® w is the parameter vector
® ¢(s) the feature vector of s

® (s, w)islinearin w



Approximation with neural networks

Can also use deep neural network to approximate v:
v(s, w)
Now the parameter vector w are the “weights” of the neural network

RL + DNN = Deep reinforcement learning

But important: RL and DNNs are orthogonal / completely separate tools



Optimization algorithms

Objective: find w that minimizes the mean squared error
~ 2
J(w) =E[(vr(S) — (5 w))7]
How? SGD from last lecture with 7 (w) = (v, (s;) — ¥(s:, w))? (2 absorbed into a.):

Wes1 = We — Vi F(We) = we + o (Ve () — 0(se, wt)) Vi 0(se, we)
Problem: we don’'t know v, (s;) = replace it by something we can compute:

® Monte Carlo learning with function approximation: replace v,(s;) by g;, the
discounted return starting from s; in the episode

Wt+1 == Wt + Ozt(gt - V(St, Wt)) VW\/}(Stv Wt)

¢ TD learning with function approximation: by the spirit of TD learning,
replace v, (s;) by the TD target i1 + v V(ser1, we)

Wiyl = Wt + at[rt+1 + vy \7(St+1, Wt) - V(St, Wt):l VW\/}(SLL, Wt)



Sarsa with function approximation

So far, we merely considered the problem of state value estimation. That is, we
hope

V= vy

To search for optimal policies, we need to estimate action values.

The Sarsa algorithm with value function approximation is
Wepr = We + Q¢ [Fe1 4+ G(Sev1, @e1, We) — G(St, ae, we)| Vi G(se, a, we).

This is the same as the algorithm we introduced previously in this lecture except

that v is replaced by §.



