
Reinforcement Learning for Economists

Lecture 1
The Basic Idea of RL, Link to Dynamic Programming

Benjamin Moll

London School of Economics



RL: learning value & policy functions in incompletely-known
Markov decision processes from Monte Carlo simulationReinforcement Learning – see Sutton-Barto for great intro

• Another stochastic approximation method: reinforcement learning
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Abstract

We present the first deep learning model to successfully learn control policies di-
rectly from high-dimensional sensory input using reinforcement learning. The
model is a convolutional neural network, trained with a variant of Q-learning,
whose input is raw pixels and whose output is a value function estimating future
rewards. We apply our method to seven Atari 2600 games from the Arcade Learn-
ing Environment, with no adjustment of the architecture or learning algorithm. We
find that it outperforms all previous approaches on six of the games and surpasses
a human expert on three of them.

1 Introduction

Learning to control agents directly from high-dimensional sensory inputs like vision and speech is
one of the long-standing challenges of reinforcement learning (RL). Most successful RL applica-
tions that operate on these domains have relied on hand-crafted features combined with linear value
functions or policy representations. Clearly, the performance of such systems heavily relies on the
quality of the feature representation.

Recent advances in deep learning have made it possible to extract high-level features from raw sen-
sory data, leading to breakthroughs in computer vision [11, 22, 16] and speech recognition [6, 7].
These methods utilise a range of neural network architectures, including convolutional networks,
multilayer perceptrons, restricted Boltzmann machines and recurrent neural networks, and have ex-
ploited both supervised and unsupervised learning. It seems natural to ask whether similar tech-
niques could also be beneficial for RL with sensory data.

However reinforcement learning presents several challenges from a deep learning perspective.
Firstly, most successful deep learning applications to date have required large amounts of hand-
labelled training data. RL algorithms, on the other hand, must be able to learn from a scalar reward
signal that is frequently sparse, noisy and delayed. The delay between actions and resulting rewards,
which can be thousands of timesteps long, seems particularly daunting when compared to the direct
association between inputs and targets found in supervised learning. Another issue is that most deep
learning algorithms assume the data samples to be independent, while in reinforcement learning one
typically encounters sequences of highly correlated states. Furthermore, in RL the data distribu-
tion changes as the algorithm learns new behaviours, which can be problematic for deep learning
methods that assume a fixed underlying distribution.

This paper demonstrates that a convolutional neural network can overcome these challenges to learn
successful control policies from raw video data in complex RL environments. The network is
trained with a variant of the Q-learning [26] algorithm, with stochastic gradient descent to update
the weights. To alleviate the problems of correlated data and non-stationary distributions, we use
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Figure 1: Screen shots from five Atari 2600 Games: (Left-to-right) Pong, Breakout, Space Invaders,
Seaquest, Beam Rider

an experience replay mechanism [13] which randomly samples previous transitions, and thereby
smooths the training distribution over many past behaviors.

We apply our approach to a range of Atari 2600 games implemented in The Arcade Learning Envi-
ronment (ALE) [3]. Atari 2600 is a challenging RL testbed that presents agents with a high dimen-
sional visual input (210 × 160 RGB video at 60Hz) and a diverse and interesting set of tasks that
were designed to be difficult for humans players. Our goal is to create a single neural network agent
that is able to successfully learn to play as many of the games as possible. The network was not pro-
vided with any game-specific information or hand-designed visual features, and was not privy to the
internal state of the emulator; it learned from nothing but the video input, the reward and terminal
signals, and the set of possible actions—just as a human player would. Furthermore the network ar-
chitecture and all hyperparameters used for training were kept constant across the games. So far the
network has outperformed all previous RL algorithms on six of the seven games we have attempted
and surpassed an expert human player on three of them. Figure 1 provides sample screenshots from
five of the games used for training.

2 Background

We consider tasks in which an agent interacts with an environment E , in this case the Atari emulator,
in a sequence of actions, observations and rewards. At each time-step the agent selects an action
at from the set of legal game actions, A = {1, . . . ,K}. The action is passed to the emulator and
modifies its internal state and the game score. In general E may be stochastic. The emulator’s
internal state is not observed by the agent; instead it observes an image xt ∈ Rd from the emulator,
which is a vector of raw pixel values representing the current screen. In addition it receives a reward
rt representing the change in game score. Note that in general the game score may depend on the
whole prior sequence of actions and observations; feedback about an action may only be received
after many thousands of time-steps have elapsed.

Since the agent only observes images of the current screen, the task is partially observed and many
emulator states are perceptually aliased, i.e. it is impossible to fully understand the current situation
from only the current screen xt. We therefore consider sequences of actions and observations, st =
x1, a1, x2, ..., at−1, xt, and learn game strategies that depend upon these sequences. All sequences
in the emulator are assumed to terminate in a finite number of time-steps. This formalism gives
rise to a large but finite Markov decision process (MDP) in which each sequence is a distinct state.
As a result, we can apply standard reinforcement learning methods for MDPs, simply by using the
complete sequence st as the state representation at time t.

The goal of the agent is to interact with the emulator by selecting actions in a way that maximises
future rewards. We make the standard assumption that future rewards are discounted by a factor of
γ per time-step, and define the future discounted return at time t as Rt =

∑T
t′=t γ

t′−trt′ , where T
is the time-step at which the game terminates. We define the optimal action-value function Q∗(s, a)
as the maximum expected return achievable by following any strategy, after seeing some sequence
s and then taking some action a, Q∗(s, a) = maxπ E [Rt|st = s, at = a, π], where π is a policy
mapping sequences to actions (or distributions over actions).

The optimal action-value function obeys an important identity known as the Bellman equation. This
is based on the following intuition: if the optimal value Q∗(s′, a′) of the sequence s′ at the next
time-step was known for all possible actions a′, then the optimal strategy is to select the action a′

2

28

1



RL in a nutshell for economists...
in terms of two tools you should already know

Reinforcement Learning =
Howard policy iteration + Monte Carlo simulation
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References

Also use Sargent-Stachurski “Dynamic Programming, Volume I: Finite States”

All three books available for free online:

1. https://github.com/MathFoundationRL/
Book-Mathematical-Foundation-of-Reinforcement-Learning

2. http://www.incompleteideas.net/book/the-book.html

3. https://dp.quantecon.org/

Other recommended materials:
• Video recordings of David Silver’s 2015 RL course
• Murphy (2025) “Reinforcement Learning: An Overview”, less accessible
• Lilian Weng (2018) on policy gradient methods
• Rawat (2026) “A Survey of Reinforcement Learning For Economics”
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Outline of Shiyu Zhao’s book
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Plan for the four RL lectures

1. The basic idea of RL

2. Dynamic programming revisited

• Value function iteration

• Howard policy iteration

3. Monte Carlo methods

4. Stochastic approximation

5. Temporal difference learning, Sarsa, Q-learning

6. Policy gradient and actor-critic methods
6



Computational infrastructure

JAX = NumPy on Steroids for GPUs https://docs.jax.dev/

Google Colab = cloud-based Jupyter notebooks with free GPU access
https://colab.google/
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Example codes?

Not including any on purpose – just ask your favorite coding agent!

one-shotted this https://github.com/ben-moll/RL_lectures_example_codes/blob/main/sarsa_rbc.ipynb

which seems pretty good

But also see all the codes you can find online, e.g.:
• Zhao book github

https://github.com/MathFoundationRL/Book-Mathematical-Foundation-of-Reinforcement-Learning

• Rawat survey github
https://github.com/rawatpranjal/survey-of-reinforcement-learning-in-economics
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Example codes?

Examples of RL applications with codes from my own work

https://github.com/StructuralRL/SRL

https://clarisse-wibault.github.io/rspg/
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The basic idea of RL



Computing an expected value

Random variable x

How compute expected value E[x ]? Two approaches:

1. Exact: know probability distribution p(x)⇒ calculate

E[x ] =
∫
xp(x)dx

2. Monte Carlo: don’t know p but can sample {x1, x2, . . . , xN}

E[x ] ≈ x̄ =
1

N

N∑
i=1

xi

Or update incrementally (stochastic approximation method):

x̄k =
1

k

k∑
i=1

xi satisfies x̄k = x̄k−1 +
1

k
(xk − x̄k−1) ,

1

k
= “learning rate”
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Computing a value function

For now: eliminate actions⇒ “Markov reward process” (MRP)

v(s0) = E

[ ∞∑
t=0

βtr(st)

]
, st = state = exogenous Markov process

Two approaches:

1. Dynamic programming: know Markov transition probabilities p(s ′|s)

v(s) = r(s) + β

∫
v(s ′)p(s ′|s)ds ′

2. These slides: extend to compute optimal policy (like Howard policy iteration)
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Computing a value function

For now: eliminate actions⇒ “Markov reward process” (MRP)

v(s0) = E

[ ∞∑
t=0

βtr(st)

]
, st = state = exogenous Markov process

Two approaches:

1. Dynamic programming: know Markov transition probabilities p(s ′|s)

v(s) = r(s) + β

∫
v(s ′)p(s ′|s)ds ′

2. Temporal difference learning: N trajectories, also update v at each t

v̂ kt+1(s
k
t ) = v̂

k
t (s

k
t ) + α

[(
r(skt ) + βv̂

k
t (s

k
t+1)

)
− v̂ kt (skt )

]
These slides: extend to compute optimal policy (like Howard policy iteration)
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Reinforcement learning and deep learning

Sometimes (Lecture 2) we will want to approximate value function

v̂(s, w)

where w = parameter vector

• one way: (deep) neural networks, in which case w = “weights” of NN

• DNNs = basic stuff⇒ look it up, if you don’t know it already

RL + deep NN = “deep reinforcement learning”

But important: RL and DNNs are orthogonal / completely separate tools

• say like Bellman equations and DNNs
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Link to Dynamic Programming



Bellman equation with finite states

Stochastic optimal control problem or “Markov decision process” (MDP)

v(s0) = max
{at}∞t=0

E0

[ ∞∑
t=0

βtr(st , at)

]
s.t. st+1 ∼ p(·|st , at), s0 given

• s ∈ S = {s1, ..., sn} = state
• a ∈ A = action (control)

• β ∈ (0, 1) = discount factor
• r(s, a) = reward function
• p(·|s, a) = transition probabilities of s

Goal: find optimal policy a = π(s)

Same as section 5.1.1 in Sargent-Stachurski but they use x in place of s
13



Example: neoclassical growth model with finite grid

Growth model but force capital to live on a finite grid K = {k1, ..., kn}

v(k0) = max
{ct}∞t=0

∞∑
t=0

βtu(ct) s.t. kt+1 = f (kt) + (1− δ)kt − ct , kt+1 ∈ K

Special case of MDP on previous slide
• state s = k
• action a = c
• reward r(s, a) = u(a)
• transition probabilities

p(s ′|s, a) =

{
1, if s ′ = f (s) + (1− δ)s − a, s ′ ∈ K
0, otherwise

See Sargent-Stachurski for many other examples, e.g. McCall search model with
finite wage distribution
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Bellman equation with finite states

v(s) = max
a∈A

{
r(s, a) + β

∑
s ′∈S
v(s ′)p(s ′|s, a)

}
• s = state
• a = action (control)
• r(s, a) = reward function
• p(s ′|s, a) = transition probabilities of s

Same as equation (5.2) in Sargent-Stachurski but they use x in place of s

Almost same as equation (3.1) in Zhao / (3.19) in Sutton-Barto but they use γ in
place of β and allow for stochastic rewards r and stochastic policy π(a|s)

v(s) = max
π

∑
a∈A
π(a|s)

(∑
r∈R
p(r |s, a)r + γ

∑
s ′∈S
p(s ′|s, a)v(s ′)

)
15



Useful later: “action-value function” or “Q function”

v(s) = max
a∈A

{
r(s, a) + β

∑
s ′∈S
v(s ′)p(s ′|s, a)

}
Can write this as

v(s) = max
a∈A

q(s, a) where q(s, a) = r(s, a) + β
∑
s ′∈S
v(s ′)p(s ′|s, a)

is the “action-value function” or “Q function”

q(s, a) = value of taking action a in state s , following optimal policy π∗ thereafter

q(s, a) = r(s, a) + Eπ∗

[ ∞∑
τ=1

βτ r(st+τ , at+τ )

∣∣∣∣st = s, at = a
]

Given knowledge of q(s, a) can always find optimal value and policy functions

v(s) = max
a∈A

q(s, a), π(s) = argmax
a∈A

q(s, a)

Will use this heavily in later lectures!
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Matrix-vector form of Bellman equation

v(s) = max
a

{
r(s, a) + β

∑
s ′∈S
v(s ′)p(s ′|s, a)

}
Index states as si , i = 1, ..., n:

v(si) = max
a

ra(si) + β∑
sj

v(sj)pa(sj |si)


Put all these equations for all states together and rewrite to matrix-vector form:

v = max
a
{ra + βPav}

where maximization is componentwise, where

v =

v(s1)...
v(sn)

 , ra =

ra(s1)...
ra(sn)


and where Pa is n × n transition matrix with entries pa(sj |si) 17



Value function iteration and Howard policy iteration

Bellman equation
v = max

a
{ra + βPav}

Next discuss two algorithms for solving it

• Value function iteration

• Howard policy iteration

Value function iteration:

vk+1 = max
a
{ra + βPavk}, k = 0, 1, 2, ...

where v0 can be arbitrary
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Howard policy iteration

Howard policy iteration = two-step procedure

1. “policy evaluation”: compute value function for given (suboptimal) policy

2. “policy improvement”: improve policy

Preview: all RL algorithms start from Howard policy iteration

They replace step 1 = “policy evaluation” by some sort of Monte Carlo method for
estimating v

• can do this without knowledge of Pπ (“model free”)

All RL algorithms do some version of this, have two-step structure
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Howard policy iteration: algorithm description
Given initial policy π0,
• Step 1: policy evaluation (PE) = calculate value of following policy πk :

vπk = rπk + βPπkvπk

• Step 2: policy improvement (PI) (note: the maximization is componentwise)

πk+1 = argmax
π
(rπ + βPπvπk )

Howard policy iteration often yields faster convergence than value iteration

k

v*

v
k

v
k

Policy iteration
Value iteration
Truncated policy iteration
Optimal state value 20



Howard policy iteration algorithm

Question: In step 1 (policy evaluation), how get values vπk satisfying

vπk = rπk + βPπkvπk?

• Closed-form solution:
vπk = (I − βPπk )−1rπk

• Iterative solution:

v(j+1)πk
= rπk + βPπkv

(j)
πk
, j = 0, 1, 2, . . .
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Summary: value and policy iteration side by side

• Value iteration: given initial value v0

vk+1 = max
π
(rπ + βPπvk)

• Howard policy iteration: given an initial policy π0{
Policy evaluation: vπk = rπk + βPπkvπk
Policy improvement: πk+1 = argmaxπ(rπ + βPπvπk )
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Policy improvement and action-value function (Q function)
Step 2: policy improvement (PI)

πk+1 = argmax
π
(rπ + βPπvπk )

Element-wise version

πk+1(s) = argmax
π

(
r(s, π) + β

∑
s ′∈S
vπk (s

′)p(s ′|s, π)

)
or

πk+1(s) = argmax
π
qπk (s, π) where

qπk (s, a) = r(s, a) + β
∑
s ′∈S
vπk (s

′)p(s ′|s, a)

is “action-value function” or “Q function” under policy πk
In matrix-vector form:

πk+1 = argmax
π
qπ,πk where qa,πk = ra + βPavπk
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Preview: all RL algorithms
• All RL algorithms start from Howard policy iteration for Bellman equation

• Recall two steps of Howard policy iteration

1. Policy evaluation: vπk = rπk + βPπkvπk

2. Policy improvement: πk+1 = argmax
π
(rπ + βPπvπk )

• Key idea of RL: replace step 1 = “policy evaluation” by some sort of Monte
Carlo method for estimating value function vπk
• can do this without knowledge of Pπ (“model free”)

• All RL algorithms do some version of this, have two-step structure
• Sutton-Barto: “Almost all RL methods are well described as
generalized policy iteration”

• Rest: implementation details to ensure this actually works in practice
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• All RL algorithms start from Howard policy iteration for Bellman equation

• Recall two steps of Howard policy iteration

1. Policy evaluation: qa,πk = ra + βPavπk

2. Policy improvement: πk+1 = argmax
π
qπ,πk

• Simplest version of RL: replace step 1 = “policy evaluation” by some sort of
Monte Carlo method for estimating Q function qa,πk – see Lecture 2
• can do this without knowledge of Pπ (“model free”)

• All RL algorithms do some version of this, have two-step structure
• Sutton-Barto: “Almost all RL methods are well described as
generalized policy iteration”

• Rest: implementation details to ensure this actually works in practice
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