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Mean Field Game (MFG) models implicitly assume “rational expectations”, meaning
that the heterogeneous agents being modeled correctly know all relevant transition prob-
abilities for the complex system they inhabit. When there is common noise, it becomes
necessary to solve the “Master equation”, in which the infinite-dimensional density of
agents is a state variable. The rational expectations assumption and the implication
that agents solve Master equations are unrealistic in many applications. We show how
to instead formulate MFGs with non-rational expectations. Departing from rational
expectations is particularly relevant in “MFGs with a low-dimensional coupling”, i.e
MFGs in which agents’ running reward function depends on the density only through
low-dimensional functionals of this density. This happens, for example, in most macroe-
conomics MFGs in which these low-dimensional functionals have the interpretation of
“equilibrium prices”. In MFGs with a low-dimensional coupling, departing from rational
expectations allows for completely sidestepping the Master equation and for instead solv-
ing much simpler finite-dimensional HJB equations. We introduce an adaptive learning
model as a particular example of non-rational expectations and discuss its properties.
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1. Introduction

Economists and mathematicians cast models with a large number of interacting
agents as Mean Field Games (MFGs), a coupled system of a backward-in-time
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Hamilton—Jacobi-Bellman (HJB) equation for agents’ value function and a forward-
in-time Fokker—Planck type equation for the agents’ density. These equations
describe the Nash equilibrium of a game played by a large number of agents expe-
riencing fluctuations that are independent from each other. When there is common
noise, the backward—forward stochastic coupling becomes more complicated and, to
find their optimal strategy, the model agents need to solve a Master equation, that
is, an equation in which the infinite-dimensional density is a state variable. This
Master equation therefore suffers from an extreme version of the curse of dimen-
sionality and has been nicknamed “Monster equation” due to its complexity.* While
this complexity makes the Master equation a fascinating mathematical object, it
also limits its practical applicability.

An underappreciated fact is that MFGs not only impose Nash equilibrium but
also assume “rational expectations”, meaning that the heterogeneous agents being
modeled correctly know all relevant transition probabilities governing the com-
plex system they inhabit. We argue that this assumption is unrealistic in many
applications and show how to instead formulate a more general class of MFGs
with non-rational expectations. Furthermore, we show that departing from rational
expectations can drastically simplify the complexity of agents’ optimization prob-
lems in certain applications and may allow sidestepping the unrealistically complex
infinite-dimensional Master equation altogether.

After spelling out general MFGs without rational expectations, we focus on a
class of MFGs we term “MFGs with a low-dimensional coupling”. In these MFGs,
the agents’ running reward function depends on the density only through low-
dimensional functionals of this density, for example a low-dimensional vector of
moments of this density. That is, model agents do not directly “care about” the
density (in the sense that their rewards do not depend on it) and instead care only
about the low-dimensional functionals. Most MFGs in macroeconomics are exam-
ples of this class of MFGs, with these low-dimensional functionals corresponding
to “equilibrium prices”.? We show that, in MFGs with a low-dimensional coupling,
departing from rational expectations generally results in a much simpler finite-
dimensional HJB equation in place of the infinite-dimensional Master equation.

One of this paper’s arguments is that MFGs with rational expectations and the
Master equation are unrealistically complex as models of human decision-making.
MFGs with a low-dimensional coupling illustrate this clearly: under the rational
expectations assumption, the low-dimensional coupling neither simplifies the for-
mulation of the MFG nor that of the Master equation in any straightforward way.
Indeed, to compute the low-dimensional functionals (“prices” in macroeconomics

20f course, this complexity does not arise in MFGs in which individual states take only a
small number of possible values (say two or three) so that the Master equation is finite- and
low-dimensional.

bIn economics, these MFGs with coupling via low-dimensional equilibrium prices are known as
“heterogeneous agent models”.

2640007-2



Commun. Contemp. Math. Downloaded from www.worldscientific.com
by BENJAMIN MOLL on 03/10/26. Re-use and distribution is strictly not permitted, except for Open Access articles.

MFGs without rational expectations

applications) in the rational expectations regime, one needs to compute the full
density of the agents and there is no closed system that includes the “prices” alone
and not the full agents’ density. The agents being modeled are assumed to per-
form the same computations. It is for this reason that the Master equation is an
infinite-dimensional PDE despite model agents only “caring about” much lower-
dimensional “prices”. The present paper criticizes the use of the Master equation
in MFGs with a low-dimensional coupling and calls for developing alternative low-
dimensional approximations that take advantage of these models’ special structure.
This part of the paper is a “mathematics translation” using the language of partial
differential equations (PDEs) of an economics paper [39] which criticizes the use of
the rational expectations assumption in macroeconomics MFGs.© We should also be
clear that the main focus of this paper is on modeling and not on the mathematical
analysis of the proposed models.

Our main results are contained in Sec. Bl which formulates MFGs without ratio-
nal expectations. Sections PH4] contain background material and building blocks
that are useful for understanding such MFGs. In particular, before considering the
full MFG case, Sec. @l introduces the idea of departing from rational expectations
in the simpler case of a single agent solving a stochastic control problem.

As we explain in Sec. [l the key feature of MFGs without rational expectations
is that each agent uses a perceived trajectory of the future empirical density of the
other agents that does not necessarily coincide with the density’s actual equilibrium
trajectory. This results in a model that, formally, still has the backward—forward
feature of the MFG but, for a specified perceived trajectory of the density, at any
given time, the agents’ strategy can be computed solely by using the backward-in-
time HJB equation, without resorting to the forward-in-time density equation. This
system is the analogue of what economists call a “temporary equilibrium” [23] [24]
26l B5]. After spelling out this more general system we show that, as expected, we
recover the familiar backward—forward MFG system in the special case of rational
expectations, i.e. when agents’ perceived trajectory of the density of the other agents
coincides with the density’s actual equilibrium trajectory. Analogously, we show
how to formulate MFGs without rational expectations in the case with common
noise and that we recover the Master equation in the special case with rational
expectations.

In Sec.[d, we consider non-rational expectations in MFGs with a low-dimensional
coupling. Each agent now uses a perceived trajectory of the future vector of “prices”
that does not necessarily coincide with the actual trajectory of equilibrium prices.
The result is again a system in which, for a specified perceived trajectory of these
prices, at any given time, the agents’ strategy can be computed from the HJB

¢In macroeconomics MFGs, forward-looking decision-makers are assumed to forecast equilibrium
prices by forecasting functionals of infinite-dimensional densities. But it seems self-evident that
real-world households and firms do not forecast prices in this way and instead solve simpler
approximate problems.
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equation without resorting to the Fokker—Planck equation. Importantly, in the case
with common noise, for a specified perceived law of motion of future prices that
imposes the Markov property, agents solve a simple finite-dimensional HJB equa-
tion. That is, departing from rational expectations can completely sidestep the
infinite-dimensional Master equation.

Sections [ and [6] consider MFGs in which agents hold beliefs about future evo-
lution or future prices that are specified outside the model (the “temporary equi-
librium” idea). In Sec. [[, we instead explain how such beliefs may be determined
“inside the model” via some form of learning. Specifically, we introduce an adaptive
learning model that has the same key property as the models with exogenously-
specified beliefs we just discussed: at any given time, and given the current prices,
the agents’ strategy can be computed solely from the backward-in-time HJB equa-
tion, without resorting to the forward-in-time density equation. However, in con-
trast to the models with exogenous beliefs, with adaptive learning, agents update
their beliefs in the face of new information so that, over time, their perceived tra-
jectory of equilibrium prices may approximate the corresponding actual trajectory.
Finally, we also discuss some other promising directions, in particular reinforcement
learning (RL) and other stochastic approximation algorithms.

In Sec. B for the sake of exposition and completeness, we explain how the argu-
ments of this paper can be adapted to the discrete-time case. Section [ concludes.

2. Background: Mean Field Games and Rational Expectations

In this section, we briefly review the basics of MFGs. The authors of [T2HT6] [32] 43]
provide more complete treatments. We use the standard formulation in the MFG
literature with small modifications explained below. We then briefly explain the
rational expectations assumption.

2.1. Backward—forward MFG system

Let us recall the setup of MFGs. Consider a system of N > 1 individual agents
(players) at positions (states) X;; € R", i =1,..., N, with 0 <¢ < T, where T is
a fixed terminal time that is sometimes taken as T' = +o0.

Given ¢ > 0 and initial state x € R™ (which differs across agents), each agent’s
state evolves according to the stochastic differential equation (SDE)

dX;s = a;sds+V2wdB; s, Xiy=u, t<s<T. (2.1)

Here o; s € A C R" is a control which is optimally chosen by each agent (in a
way prescribed below), B, is a standard n-dimensional Brownian motion, and
v > 0 is a parameter measuring the strength of the fluctuations affecting individual
agents. The individual Brownian motions B; s, i = 1,..., N, are independent and
capture idiosyncratic risk. The intuition is that this risk averages to a deterministic
effective mean-field effect when N > 1, as far as the evolution of the agents’ density
is concerned.
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To choose the control «; 5 in (1), each agent solves an optimization problem
for the value function uy : R™ x [0, 7] — R defined by

un(z,t) = g}g)ﬁE

T
/ e P R(Xi s, vig,mu(s,-))ds + e POV (X, 0, mp (T, )
¢

(2.2)
subject to X; ; solving (2.1)). Here,

N
mpy(t,x) = 25(1‘ - Xit), weR", (2.3)
i=1

is the empirical measure of the collection of agents, p > 0 is a discount rate,
R(x,«,m) is a running reward function that depends on the state X; s, the control
«; s and the empirical density mny (s, -), and V(x,m) is a prescribed terminal value
at time T'. The expectation in (2.2]) is taken with respect to the idiosyncratic noises
B, 1<i<N.

In this setting, the dynamics of all agents are identical except that they experi-
ence different realizations of B; ;. That is, they are ex-ante identical (the functions
R, V, and so on are identical for all agents) but ez-post heterogeneous in X ; because
of the different realizations of idiosyncratic risk B; ;. One small modification to the
standard formulation in the MFG literature is that here the agents maximize their
objectives rather than minimize them.

Note that each agent’s running reward R depends on the overall system’s state,
the empirical density my. Agents optimally choose the control « taking the future
evolution of my as given. We denote the optimal policies, that is, the optimally
chosen « in (Z2)), by 7 (see ([24)). Because R depends on my, so do the optimal
policies 7 and the value function u . In turn, the evolution of the empirical density
my depends on each agent’s optimal policy that appears in ([Z1I). We are thus
considering the Nash equilibrium of a game between a large number of statistically
identical players.

The backward—forward MFG system arises in the limit N — oo of a large
number of agents and is a coupled system of a HJB equation for the limit u(x,t) of
the value functions uy (z, t) and a Fokker—Planck equation for the limiting empirical
density of the agents m(z, t):

pu — dyu = H(x, Vu,m) + vAu in R™ x (0,7T),
Oym = —div(V H(z,Vu,m) m) + vAm in R" x (0,T), (2.4)
m(0) = mo, u(z,T)=V(x,m(T)) in R™.

Here, H is the Hamiltonian?

H(z,\,m) = meazc{R(a:, a,m)+A-af, AeR", (2.5)

dWe use \ instead of the more standard p to denote the dual “momentum” variable because p
will denote the price vector below.
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and the policy function (optimal control) of each agent, defined as
m(x,t) = arg meaif{R(z, a,m)+a-Vu(x,t)}, (2.6)

is given by

m(x,t) = VaH (z, Vu(z,t), m(t)). (2.7)

2.2. Master equation with common noise

We next introduce common noise (in MFG terminology) or aggregate uncertainty
(in macroeconomics terminology). Typically, as, for example, in [3], [4], [13], this is
done by directly adding an additional noise to the dynamics of individual agents
in @)

dXiyt = Oémgdt —+ V QI/dB@t + \/2B8dWy, X@o = . (28)

Here, the extra noise W; is identical for all agents. In this formulation, the agents
density my satisfies a stochastic Fokker—Planck equation

dmy = [=div(VaH (z, Vaus, ms) my) + (v + B)Apmyg]dt — div(my \/ﬁth),
(2.9)

rather than the standard Fokker—Planck equation that appears in (24)).

For the sake of simplicity of the presentation, we will discuss now a slightly
different model, where the common noise does not directly affect the evolution of
the individual agents themselves. Instead, in this model, the common noise directly
affects the running reward function. This will affect the optimal policy 7 and thus
the evolution of the individual agents as well. Bertucci and Meynard [7, [§] use a
similar approach.

Specifically, we introduce an additional state variable Z; € R¥ (“the aggregate
state”), with some k < N, that evolves according to an SDE:

dZ; = po(Zy)dt + \/2BdWy,  Zo = z, (2.10)
with some drift u.(z) and 8 > 0. Here, W; is a standard k-dimensional common
Brownian motion that — in contrast to the idiosyncratic Brownian motions B; ; —
affects all agents simultaneously via Z;.

The main assumption is that the running reward function R in (22) now
depends on the aggregate state Z;:

T
un(z,t) = max E / e_ptR(Xiys,Zs,am,mN(s,-))ds
t

a; €EA

—&—e_p(T_t)V(XMyZT,mN(T7~)) . (211)

As usual in the common noise setting, the admissible controls ¢ s in ([Z.11]) need to
be Fs-measurable: they cannot depend on the future. This, of course, is also true
for the optimal control m(X; ¢, Z;, my,t).
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If the reward function R is non-separable between Z; and «;; (which is the
relevant assumption in macroeconomics applications), the optimal policy 7 will
depend on the aggregate state Z; and therefore so will the dynamics of X 4

dX@t = ﬂ'(XZ"t, Zt7 my, t)dt =+ V 21/dBi7t,

dZt = /.tZ(Zt)dt + v/ Qﬂth
Let us comment that this setting is a special case of the standard common noise
formulation in (28 but with a degenerate diffusion. To see this, introduce X;; €
R?, with d = n + k, with the two components

- Xit
Xt =

Zy

(2.12)

Note that the second component is identical for all agents. Then ([ZI2]) is the special
case of (Z8) in which the first component X;; is only affected by the idiosyncratic
noise but not by the common noise, and the second component Z; is only affected
by the common noise but not by the idiosyncratic noise. Furthermore, the second
component is not controlled: az; = 0.

The state of the system (“the economy”) is now a pair (m¢, Z;) which evolves

as
dmy = [~divy (VAH (2, Z, Viug, me) my) + vAgmgldt, (2.13)
dZt = /.tZ(Zt)dt + \ Qﬂth (214)

In contrast to the standard MFG formulation with a common noise (29, the
Fokker—Planck equation (2I3) for m; is not a stochastic partial differential equa-
tion (SPDE) but a partial differential equation (PDE). Nevertheless, the solution to
the system (ZI3)—(2I4) is, formally, an infinite-dimensional (degenerate) diffusion,
and m; itself is a stochastic object as it depends on the diffusion Z;. Because m; is
stochastic, it is now necessary to include it as a state variable in the agents’ value
function

Uz, z,m,t).

Note that m € P(R™), the space of probability measures with support in R™, which
is an infinite-dimensional space. Hence, the Master equation is a HJB equation for
the value function U set in infinite-dimensional space:

pU — U = H(z,2z,V,Um)+vA, U+ BAU

4 [ IVal)@) [y (VaH (g, . 9,0 m) m) + vym] (3) dm(y)

drift of probability measure m at point y from (ZI3)

in R" x RF x P(R™) x (0,T),

Uz, z,m,T)=V(x,z,m) inR"x R* x P(R").
(2.15)
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Here V,,,U denotes the derivative of U with respect to the measure m — see [13]
for a precise definition — and [V,,U](y) denotes the derivative of U with respect
to m at point y. Also note that we set the drift of the aggregate state p,(z) = 0 for
notational simplicity and we will continue to do so going forward.

The stochastic Fokker—Planck equation ([2.9]) that comes from the standard com-
mon noise MFG formulation (2.8)) further complicates the Master equation (ZI3])
with additional second-order derivatives in m [I3]. The formulation in this section
results in a simpler first-order Master equation and nests all typical macroeconomics
applications.

2.3. Rational expectations

Rational expectations are a modeling assumption introduced by Muth [40] and pop-
ularized in the 1970s by Bob Lucas, Ed Prescott, Tom Sargent and others. It has
since been the standard assumption for modeling expectations in macroeconomics.
See [39] for key references and a brief historical discussion. The macroeconomics
definition of rational expectations is as follows: Agents have rational expectations if
they form expectations over outcomes using the correct objective probability distri-
butions of those outcomes. Hence, subjective probability distributions equal objective
probability distributions.

The rational expectations assumption is best thought of as a consistency require-
ment between expectations and model reality. Arguably a better name for the
assumption is “model-consistent expectations” [44]. Related, it is important to
emphasize that “rational expectations” are distinct from the concept of “ratio-
nality” which, in economics terminology, simply means that agents maximize some
objective function. While the MFGs we consider below relax rational expectations,
all of them retain rationality.

In the context of MFGs, the rational expectations assumption is about the
expectation operator E that appears in the optimization procedure for the objec-
tive functions (22) and ([ZII)). If this expectation operator uses objective, model-
consistent probability distributions for the behavior of all other agents as well as
the idiosyncratic and common noise, then the MFG assumes rational expectations.

One key takeaway is that, as we explain in more detail in the next sections,
all existing MFGs models in the mathematics literature (that we are aware of)
implicitly assume rational expectations.

3. Mean Field Games with a Low-Dimensional Coupling

In Sec. 2 the running reward function R(zx, z,«,m) that appears in the optimiza-
tion problem (2II)) depends on the empirical measure m(t) in a general, unre-
stricted fashion. However, in many applications, in particular in macroeconomics,
this dependence is simpler: the running reward function depends on the empiri-
cal measure m(t) only through a low-dimensional vector p, € R, with some fixed
! < N, that is a functional of m;.
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That is, the running reward and the terminal condition in (ZI1l) are given by
R(x, z,a,p) and V(x, z,p), so that agents optimize

T
uUnN (1‘7 t) = max ]E / e_ptR(Xi,Sa ZS7 ai,saps)ds + e_p(T_t)V(Xi,T7 ZT7pT)
t

a; €A
(3.1)
subject to X; s solving (21I), where
pe = P*(my, Zy), (3.2)
for a fixed functional
P*: P(R") x R* — R, (3.3)

We refer to such MFGs as MFGs with a low-dimensional coupling. Note that in
MFGs with a low-dimensional coupling, model agents do not directly “care about”
the infinite-dimensional density m; in the sense that it does not enter their running
reward functions or terminal conditions. Instead, they only “care about” the much
lower-dimensional vector p;.

The next two subsections present applications from macroeconomics that take
this form. Other examples are dynamic games with a large number of players in
which the running reward depends only on particular moments of the distribution,
say, the first moments

X,(m) = /xjdm(nmt), j=1,...,n.

Of course, an MFG with a low-dimensional coupling is just a special case of the
general MFGs discussed in Sec. Bl with the running reward and terminal value of
the form

R(z,z,a,m) = R(x, z,a, P*(m, 2)), V(z,z,m)=V(z,z,P*(m,z)). (3.4)
Therefore, under the rational expectations assumption, this low-dimensional cou-
pling does not really simplify the analysis and the backward—forward MFG and
Master equation still take the same form. However, as we will show below, low-
dimensional coupling can drastically simplify the model’s complexity when agents
have non-rational expectations.

3.1. Macroeconomics MFGs: Low-dimensional coupling through
prices

Typical macroeconomics MFGs, known as “heterogeneous agent models,” are MFGs
with a low-dimensional coupling. Usually, the running reward function R(x, z, o, m)
depends on the empirical measure m(t) only through a low-dimensional price vector
p: € RY, with some fixed £ < N. The prices may represent the actual prices of goods,
or correspond to wages or interest rates, that is, prices of other variables like labor
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and capital. The underlying macroeconomic assumption is that the system stays in
what is known as a competitive equilibrium. In that case, the prices are set by the
intersection of demand and supply (“market clearing”) and are determined by the
empirical measure of the agents via a set of ¢ “market clearing” conditions (demand
equals supply for each of ¢ goods):

M(pt,mt,Zt) = 07 (35)

with a given relation M : R® x P(R") x R¥ — R*. Under the assumption that (B35
can be inverted, this gives rise to a unique mapping which takes the form in ([3.2))
and which we will refer to as the equilibrium price function.

To summarize, the reward function depends on the measure m; only through the
(low-dimensional) price vector p; that determines the optimal strategy in (2.2). In
a competitive equilibrium, the price vector is directly related to m; either explicitly

by B2)) or implicitly by B3).

3.2. Exzample of a macroeconomics MFG

A typical example of a macroeconomics MFG that has this structure is the model
described in [Il Sec. 5] which is a continuous-time version of the Krusell and Smith
[31] model. The corresponding model without common noise is described in [Il
Sec. 2; 2] and which is a continuous-time version of the Aiyagari-Bewley—Huggett
model [5, @1 27].

In this model, the state of the agents is characterized by their income and wealth,
so that the agents’ positions are parametrized by z = (x1,72) € R2 Here, 7 is
wealth and x5 is income, and n = 2 in the setting of Sec. @ Furthermore, there
are { = 2 prices py = (p1+,p2) € R? where p;, is the interest rate and po; the
wage. There is k& = 1 aggregate state Z; € R which has the interpretation of the
(logarithm of) productivity of a so-called “representative firm” (see below).

Wealth and income evolve according to a system of SDEs

dXq i = (Pr(me, Z) X1 i + Py (my, Z4) X 50 — Ciyg)dt, (36)
dXoi = (Xo0)dt + (2v)/2dB; ;.

Here, C;; is the ith agent’s consumption that serves as a control in this setting and
 is a drift coefficient. The price functionals P and Py are the (scalar) interest rate
and wage which depend on the measure m via an equilibrium condition explained
below. Agents choose their consumption to maximize a utility function

1=~

T
E/ e P'U(Cip)dt  where Ulc) = lc , v>0 (3.7)
0

subject to (B6) and a state constraint X ;, > 0.
The Hamiltonian (28] is then

H(xz,z,A\,m) = mglx{u(c) + M (P (m, z)x1 + Py (m, 2)za — ¢) + Aap(z2)}.
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The Hamiltonian H is nonlinear and non-separable between x, z, A\ and m. At the
same time, it depends on m only through the two-dimensional prices P*(m,z) :
P(RQ) x R — R2,

The price functionals (equilibrium wage and interest rate) are given in this
model by

Pl*(mv Z) = 6}1F(Y1(m),72(m),2), PZ*(mv Z) = aYQF(Yl(m)aYQ(m)vz)v

where

F(X1,X9,2) =e"\/X1X2, Xi(m)= /mldm(x7t), Xo(m) = /xgdm(x,t).
(3.8)

The function F' has the interpretation of the production function of a so-called
“representative” firm, z that of (the logarithm of) the firm’s productivity, and
the derivatives 0% I and O, I those of “marginal products”. The dependence of
the prices merely on the first moments of m, that is, on X1(m) and Xa(m), is
special to this particular application. Other macroeconomics applications feature
(considerably) more complicated price functionals.

3.3. The case without common noise

For future reference it will also be useful to spell out MFGs with a low-dimensional
coupling but without common noise. This is simply the case in which neither the
running reward R nor the low-dimensional functional p depends on the aggregate
state z, i.e. this functional is simply given by p; = P*(m;) with P* : P(R") — R’.
Equivalently, the case without common noise sets Z; = 0 for all ¢. In the macroe-
conomics MFG of Secs. Bl and B.2] the underlying assumption is that neither the
running reward R nor the market clearing condition M depend on the aggregate
state Z. The particular example in Sec. is the Aiyagari-Bewley-Huggett model

analyzed in [I] 2].

3.4. Backward—forward system and Master equation for MFGs
with low-dimensional coupling

The corresponding backward—forward MFG system in the case of a low-dimensional
coupling takes exactly the same form (Z4) but with R(x,a,m) = R(z,a, P*(m))
in the Hamiltonian ([ZF) and terminal value V (z,m) = V(z, P*(m)). The same is
true for the Master equation for the value function U(x, z,m,t) which takes the

form (ZI3) but with R(z,z,a,m) = R(z,z,a, P*(m, z)) in the Hamiltonian and
terminal value V(z, z,m) = V(z, z, P*(m, 2)).

Note that the special structure of MFGs with a low-dimensional coupling nei-
ther simplifies the backward—forward MFG system nor the Master equation in any
straightforward way. In particular the infinite-dimensional measure m € P(R™) is

still a state variable in the Master equation. What is noteworthy about this is that
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the Master equation is an infinite-dimensional PDE despite model agents only “car-
ing about” much lower-dimensional “prices”. As we explain in the following, the
root cause of this feature is the rational expectations assumption.

4. Non-Rational Expectations in Simple Control Problems

Before specifying what rational expectations — and departures from such expecta-
tions — mean in the context of large systems of heterogeneous agents (i.e. MFGs)
let us first consider the simpler case of a single agent solving a stochastic control
problem. We turn to MFGs in Sec.

4.1. A simple stochastic control problem in an evolving
environment

Consider a single agent solving a stochastic control problem in a prescribed time-
dependent environment:

acA

T
u(z,t) = maxE l/ e PTVR(X ., ar, Br)dr + e P TV (X7r) (4.1)
t

subject to X, solving an SDE
dX; = a;dr +V2vdB,, X;=uz, t<7<T. (4.2)

Here, « is the control used on the time interval ¢ < 7 < T', and (3, represents a
known time-dependent environment that the agent cannot control.

For future purposes, it will be useful to write the HJB equation for the value
function u in terms of the infinitesimal generator which summarizes the transition
probabilities of the process for X;:

Ar =7V +rA, (4.3)
where 7(z,t) is the agent’s policy. The HIJB equation is then
pu — Opu = maic{R(x, a,B) + Aqu}  in R™ x (0,7), (4.4)
ac
with the terminal condition
u(z, T)=V(x) inR", (4.5)
The associated optimal policy function is
m(x,t) = argmaf)f{R(z, o, ft) + a - Vu(z,t)}. (4.6)
ae
To explain what rational expectations mean in this setting, it is useful to spell
out what this optimal control problem and the associated HJB equation look like
without imposing the rational expectations assumption. In this model, expectations
may be non-rational in two respects: first, the agent may have incorrect beliefs about

its own dynamics for a given control ;. Second, she may have incorrect beliefs about
the environment (; in the future. We consider these two cases separately below.
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4.2. Expectations about the evolution of the agent’s state

Let us fix a terminal time 7" and for the moment fix some time ¢ € (0,7). For
simplicity of notation, we will consider in this subsection a time-independent envi-
ronment, so that

Br = const all 7. (4.7

As just discussed, the agent has rational expectations about the process for X
for 7 > t if she forms expectations about X, using the correct objective transition
probabilities. These transition probabilities are summarized via the infinitesimal
generator. Rational expectations mean that the agent’s beliefs are summarized by
the correct generator A, defined in (3) that determines the evolution of the actual
state X; in accordance with ([Z2]).

Non-rational expectations mean that the agent has some other subjective beliefs
about the future evolution of X, for 7 > t summarized by a different generator A
For example, the agent may believe that the state follows an alternative diffusion

process
d)?T = ﬁ()?ra Qr, T)dT + \V 2/’/\(557-, ar,T)dBr, T >t, (4.8)
X, =z (4.9)

instead of the process ([2)) in which case the generator is
Ay =iz, m,t) -V + 0(x, m, 1) A (4.10)
In particular, it may be the case that either fi(z,a, 7) # a or U(x,a, 7) # v. This
happens, for example, if the agent does not have the full information about the
idiosyncratic noise, or presumes the existence of an additional drift in the problem.
Agents’ policies 7(x,t) are now determined from the optimization problem

T
u(z,t) = Elgfﬁ l/ e PTOR(X,, ar)dr + e P TV (Xp) |, (4.11)
t
supplemented by @X)-@3J) for the evolution of X, on the same time inter-
val t < 7 < T. We denote the expectations operator by E to highlight that these
subjective expectations are, in general, different from the objective (rational) expec-
tations operator E. That is, E refers to the expectation with respect to the trajec-
tories generated by the evolution ([£2), and E to those generated by the perceived

evolution (LS.

The HJB equation with non-rational expectations is therefore

pii — 051 = max{R(z, a) + A iy inR" x (¢,7), (4.12)
[e1S
u(z,T) = V(xr) inR"™ (4.13)
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The associated policy with non-rational expectations is
m(x,t) = arg maj‘c{R(z, a) +a- Vau(z,t)}, (4.14)
aec

rather than by (£6]). Note the difference between the two value functions that
appear in (£6) and @I4).

Let us comment that the actual probability density p(z,t) of the agent who
follows the strategy m(x,t) defined by ([EI4) is

Owp = Asp. (4.15)

Note the difference between the operator Vzl\ﬂ that appears in the HJB equation
(£I12) and the operator A, whose adjoint appears in ([ZIH).

The special case of rational expectations of the evolution of X;. Rational
expectations mean that the generator .Z,T that appears in the HIJB equation ([ZI2])
coincides with the actual generator A, . In other words, the perceived evolution (£3)
coincides with the actual evolution ([@2) for any given control «,;. With this
assumption, the HJB equation (£I2) becomes
pu — Oyu = max{R(z,a) + Ayu} inR™ x (0,7),
oA (4.16)
u(z, T) =V (x) in R™,

which is the same as ([@4]) for the case of constant 3;. Hence, for the special case of
rational expectations, we have recovered the standard HJB equation.

4.3. FEzxpectations about the evolution of the environment

Let us now consider the same optimization problem but reintroduce the time-
dependent environment ;. At a time ¢ € (0,7) the agent has access to the past
trajectory

B<e ={B(t"): 0<t <t} (4.17)
She uses this information to make a prediction
Bs,t = @(sat;ﬂgt)a 5> t7 (418)

with some given function © that depends on the running time s, the starting time ¢
and the path B<; that was observed prior to the time ¢. Non-rational expectations
in this context mean that

ﬁsyt #+ (s, for some s > t, (4.19)

i.e. that the agent’s perceived trajectory of her external environment does not coin-
cide with the environment’s actual trajectory.

Let us assume for simplicity of notation that, while the environment may be
predicted incorrectly, as in ([fI9]), the perceived law of motion of the state X; is
correct and the agent assumes that her trajectory is given by ([@2l):

dX;¢ = arpdr +V20dB,, Xy =z, t<7<T. (4.20)
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In other words, we have both i = @ and ¥ = v in ([{8)). Then, the agent is solving
the optimization problem

T
u(z,t) = majlcE l/ e PTVR(X, 4, p, Brt)dT + e_p(T_t)V(XT7t)1 (4.21)
[e3S] t

subject to ([£.20) and (£I]).© As the environment ﬁm now depends both on the run-
ning time 7 and on the starting time ¢, in order to formulate the corresponding HJB
equation, it is convenient to fix ¢t € (0,7") and introduce an auxiliary optimization
problem

u(z, s;t) = Igleai(IE

T
/ €_p(T_S)R(XT,sa Q7 s, ﬁr,t)dT + e_p(T_S)V(XT,t)‘| ’

t<s<T, (4.22)

subject to ([£20) and (IJ). Note that the prediction of the future environment
Br+ is made at the time ¢ and does not depend on the intermediate times s. Then,
the perceived future optimal policy of the agent is, similarly to ([&6l), given by

m(x,s;t) = arg maj‘({R(I, a,ﬁs)t) +a-Vyu(z,s;t)}, t<s<T. (4.23)
aec
In particular, at the time s = ¢ we have

m(z,t) = arg majc{R(x, a, @)t) +a-Vu(x, t;t)}
ac

= arg meajl({R(m’ Q, ﬂt) +a- vmu(l‘7 t)}a (424)
with
u(z,t) = ulx, t;t), (4.25)

being the optimal value defined by ([ZI]). This is the actual policy that the agents
are following. As a result of this optimization problem, an agent’s state evolves as
a diffusion

dX; = 7(X,, t)dt + 2vdBy, (4.26)

with the policy 7(z,t) given by ([E24).
To find the function u(x, t) one needs to solve a backward-in-time HJB equation
for the value function u(x, s;t). It takes the form

pii(e, s:1) — Oii(a, ;1) = max{ Rz, o, Bot) + Agdi(z, 5:1)}  in R x (¢,7T),
[e1S
u(z,T;t) =V(z) inR"™.
(4.27)

¢The value u(z, t) also depends on the entire prediction B‘r,t» T > t but we suppress this dependence
for simplicity.
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Once the function u(x, s;t) is found, one defines u(z,t) by ([@25]), which, in turn,
gives the policy ([@24]) that appears in the actual dynamics ([£26]).

The special case of rational expectations for the evolution of the envi-
ronment. Rational expectations on the evolution of the environment mean that

B\&t =f3,, forall s>t (4.28)

Note that, for deterministic variables like the one considered here, rational expec-
tations simply mean that agents have perfect foresight about the evolution of these
variables. If that is the case, then the function @(z, s;t) that solves [£27) does not
depend on the starting time ¢ and neither does the policy 7(x, s;t) that also appears
in (217). Under the assumption (£28), the HIB equation (£.217) therefore becomes
the standard HIB equation (4] with

u(x, s;t) = u(x, s). (4.29)

5. Mean Field Games Without Rational Expectations

As already noted, all existing MFGs models in the mathematics literature we are
aware of implicitly assume rational expectations. We now explain this in more detail
and show how to formulate MFGs without rational expectations. We first consider
the case without common noise, that is, the backward—forward MFG system (24)),
and then cover the Master equation (ZI3).

5.1. Non-rational expectations in the backward—forward MFG
system

We now show how to formulate a generalization of the backward—forward MFG
system of Sec. 2.J] without making the rational expectations assumption. We focus
on the more interesting case of non-rational expectations about the evolution of
the agent’s external environment, in this case the evolution of the density m. The
case of non-rational expectations about agents’ own states X;; is analogous to the
treatment in Sec. As in the preceding section, after spelling out the model with
general (not necessarily rational) expectations, we show that we recover the stan-
dard backward—forward MFG system in the special case with rational expectations.

Let us fix a terminal time 7' and for the moment fix some time ¢ € (0,7).
We assume that to predict the future empirical density of the other agents, an
individual agent uses a perceived law of motion

Osm(xz, s;t) = B'm(x, s;t), s>t (5.1)
m(x,t;t) = m(x,t). (5.2)

Here, m(x, s;t) is a prediction for the empirical measure of other agents for s > ¢,
and B is the generator of a Markov process that an agent believes the other agents
are following. The initial condition in (5.2]) at s = ¢ comes from the actual observed
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density m(z,t) at the time t. Note that the agents are constantly updating their
prediction m(x,s;t) for a given future time s, by changing the initial condition
in (&2) as t grows. In other words, m(x, s;t) and m(x, s;t’) are, in general, different
if s >t > t'. Going forward, we sometimes write M, for conciseness.

Note that this setup is exactly analogous to the case of non-rational expectations
about the evolution of the environment in Sec. Therefore, so is the remainder
of the discussion. Similarly to ([£22), agents’ policies w(x,t) are determined from
the perceived optimization problem

T
u(z, s;t) = max E [/ e_p(T_S)R(XZ-,T7 Qr s, My t)dT + e_p(T_S)V(XimS, mre)|

a; €EA s

t<s<T, (5.3)
subject to ([2.1)) for the evolution of X, and (GI)-(E.2) for the evolution of M,

on the time interval ¢ < s < T'. As a result, the perceived future optimal policy of
the agent is, similarly to (£23), given by

7(x, s;t) = arg méli({R(x, a,Msyt) + o V(e s;t)}, t<s<T. (5.4)
At the time s = ¢ we have
m(x,t) = 7(x,t;t) = arg mél/)l({R(JJ, a,my) + - Vu(z,t)}. (5.5)

with @(x,t) = u(z, t;t). This is the actual policy that the agents are following.
As a result of this optimization problem, an idiosyncratic state evolves as a
diffusion

dXi7t = W(Xi)t, t)dt + vV 2VdBi7t. (56)

To summarize, agents believe that for all s > ¢ the distribution of the other agents
will evolve according to (B)-(E2), and this is what shows up in the continuation
values for s > t in the definition (53) of the perceived value function w(zx, s;t).
However, when they choose their actual policy 7(z,t) at time ¢, given by (5.H), they
use the actual realized density m; (which will generally differ from any previous
estimates of M, with ¢ < ¢) and the perceived value function w(zx,t).

Agents’ actual policies m(x,t) defined in (B.3]) give rise to the generator

Az i=m-V+rVA (5.7)
that determines the evolution of the actual density m(x,t) in accordance with (5.6)):
ohm = Arm, (5.8)

which is different from the evolution (G.I)-(E2) for the perceived future density
unless B = A;.

Now, the backward—forward system of equations for the value function u(s, x; t),
the perceived density m(x, s;t) and the actual density m(z,t) becomes

pu(x, s;t) — Osu(x, s;t) = majl({R(z, a, Mg ) + Ati(x, s5t)} in R™ x (¢,T),
(¢S
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Osm(x, s;t) = B*m(x,s;t) in R™ x (¢,T),
m(x,t) = argmeaX{R(z, a,m(t)) + a- Vyu(z, t;t)},
om = A-m inR" x (0,7T),

m(z,0) = mo(z), m(x,t;t) =m(z,t),
u(z, T;t) = V(z,mpy) in R™.
(5.9)

The system (50) is the analogue of what economists call a “temporary
equilibrium”.

Definition. Temporary equilibrium at a particular time ¢ is defined as allocations
and policies such that (i) agents optimize given expectations of future variables
(including the density) that are specified in the model but that are not necessarily
rational, (ii) the economy is in Nash equilibrium at time ¢.

This idea was originally developed contemporaneously by Hicks [26] and Lindahl
[35], and has been further developed by Grandmont [23] [24].

Remark (Connection to the Master equation). Note that the system (&3]
could also be written in terms of a Master equation, with the measure m as a state
variable. However, this would defeat the purpose of this approach: the advantage
of (B9) is exactly that we do not have to compute the dynamics in the infinite-
dimensional space of probability measures but rather only find the solutions to (£.9)
for the measures m; that one encounters in the course of actual evolution.

Rational expectations in the Backward—Forward MFG System. Rational
expectations in the context of the model we have discussed above mean that the
generator B that appears in Egs. (&) and (59) for the perceived density m(z, s;t)
coincides with the actual generator A, that appears in the evolution equation (&.1)
for the actual density m(x,t):

B=A,. (5.10)

Let us now show that with this assumption, the system (B.9]) reduces to the familiar
MFG system (2.4]) that we write in the form

pu — Opu = meaic{R(x, a,m(t)) + Aqu} in R™ x (0,7),
m(z,t) = argmax{R(z,a,m(t)) + a - Vu(z,t)},
acA (5.11)
om=Am inR" x (0,T),

m(0) =mg, u(x,T)=V(x,m(T)) inR".
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Indeed, if (5I0) holds, we deduce from the second and fourth equations in (59),
together with the initial condition m(x,t;t) = m(z,t) that

m(z,s;t) =m(x,s) forallte[0,T]and s € [t,T], (5.12)

so that the perceived future density m(x,s;t) does not depend on the starting
time ¢ and coincides with the actual density m(z, s). The perceived value function
u(x, s;t) is then independent of ¢ as well, so that we have

u(x, s;t) = ulx, s;8) = u(x, s). (5.13)

The perceived policies 7 (x, s;t) are also independent of ¢ because we can use (5.12)

and (EI3) to write

7(x,s;t) = argmeajc{R(z, a,Mgy) + o - Vu(zx, s;t)}
= argmeajf{R(x, a,m(s)) +a-Vyu(z,s;8)} =n(x,s).  (5.14)

It follows from the above and the first equation in (B.9) that the value function
u(s, z) satisfies the backward HJB equation

pu(z, s) — Osu(z, s) = R(x, w(x,s),m(s)) + Azu(z,s) inR"x(s,7). (5.15)
Together with the forward Fokker—Planck equation
om=Am inR" x (0,7), (5.16)

we have recovered the MFG system (B.I1)) or, equivalently, (Z.4).

This shows clearly that the backward—forward MFG system (24]) implicitly
assumes that agents have rational expectations about the process X;; for all
agents ¢ = 1,..., N, and hence for the evolution of the density m(z,t).

Remark (Non-rational expectations about agents’ own states). As already
noted, one could also allow for non-rational expectations about agents’ own states
Xit. Analogous to the treatment in Sec. 2 this simply involves replacing the
generator A, in the first equation in (59) by some other generator .,Zl\a capturing
each agent’s beliefs about the evolution of her own state, i.e. a perceived law of

motion like (@8] and (9).

Remark (Heterogeneous beliefs). It is reasonable to expect that different
agents may have different beliefs about the evolution of the density of the other
agents. In fact, substantial belief heterogeneity is one of the most prevalent empir-
ical findings in the macroeconomics literature on household and firm expectations,
see the discussion and references in [39] (the finding is often summarized under
the terminology “disagreement”). In our context, different individual agents may
use different forms of the operator B, that appears in (Bl to predict the future
evolution of the density of the other agents. This will, in turn, affect the actual
generator A, governing the evolution of the actual density m(t) of the agents. We
will revisit this issue below in the discussion of adaptive learning in Sec. [l
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Remark (The unrealism of rational expectations). Rational expectations
impose that agents know the correct objective transition probabilities not only for
their own individual states but also for the evolution of every other agent’s states,
i.e. for the entire complex system they inhabit as a whole. Specifically, the implicit
assumption is that each agent knows all other agents’ optimal policies m(y, -) for all
y € R™ and uses these to (correctly) forecast the evolution of everyone else’s state
and hence the measure m! For these reasons, the rational expectations assumption
is arguably a stretch in complex environments like MFG models.

Remark (The evolution of the density with heterogeneous agents). It is
also worth pointing out that the rational expectations assumption (EI0) is the
reason why the operator A% in the Fokker—Planck equation in (BIT]) is the adjoint
of the operator A, in the HIB equation in (&I1]). Without rational expectations
this would not be the case: while the Fokker—Planck equation for the actual density
m(x,t) in (B9) necessarily features (the adjoint of) the correct generator A, because
it reflects the actual realized dynamics of X;; and the associated evolution of the
measure m, the HIB equation for the perceived value function @(s,z;t) in (9]
features A, only under the rational expectations assumption (5I0). Otherwise it
is driven by the perceived strategy 7.

The rational expectations assumption (Z.I0) may seem to superficially simplify
a “complicated” system (B3] to a “simpler” (and, definitely, shorter) system (G.11).
However, while the latter may produce a higher value function for the agents, it
comes at a high computational cost. If the operator B that appears in the evolu-
tion equation for the perceived density m(x,s;t) in (59) is independent from the
perceived value function u(x, s;t) then (5.9) may be solved in a single pass for a
fixed t < T'. First, one solves the forward-in-time equation

Osm(x, s;t) = B*m(x,s;t) in R™ x (¢,T),

(5.17)
m(x,t;t) = m(x,t),

to find the perceived future density of the agents. This is followed by solving the
backward-in-time HJB equation

pu(x, s;t) — Osu(x, s;t) = maf)lc{R(z, a, Mg y) + Ati(x, s5t)}  in R x (¢,T),
ae

U@, T;t) = V(z,m(T, 1)),
(5.18)

to find the perceived value function @(z, s;t). This requires no iterations that are
normally used to solve the forward-backward MFG problems. With @(z,¢;¢) in
hand, one can compute the actual policy 7(z,t) given by (B3], and continue the
evolution of the actual agents’ density m(xz,t) forward in time. Thus, from the
computational-cost point of view, dropping the rational expectations assumption
may end up being beneficial.
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5.2. Non-rational expectations in Mean Field Games with
common noise

We now repeat the exercise for the case with common noise and show how to
formulate MFGs without rational expectations in this case. To this end, recall that
the evolution of the states (X, Z;) is given by 212) where w(X, ;, Z;, my, t) is the
optimal policy with common noise.

Analogous to (1) and (B.2), with non-rational expectations, the agent incor-
rectly believes that the density and aggregate state evolve according to

d?’/)’\l&t = B*E T/)’\lsytd& S Z t,
(5.19)

~

dZgs = \|2B(Zs 4, 7)dWs, s>t

with m.; = m, and Z,t = Z,, instead of the correct evolution (2I3]) and (2I4).
As already noted, we set the drift u.(z) = 0 in (ZI2) for simplicity. Note that,
in general, the perceived generator By may depend on the perceived aggregate

state 25.
This leads to the following infinite-dimensional Master equation:

oU — ,U = méiic{R(x, z,a,m) + ACWU'} + B(z, t)AZU
+ [ [FnDlw)Biml(g)dm(y) i B xRS x PR x (0.7),

ﬁ(x,z,m,T) =V(x,z,m) inR"xRF x P(R").
(5.20)
As before, A . in the term Aﬂ,zﬁ summarizes agents’ beliefs about the evolution
of the individual state X;,. In contrast, [Bim](y) summarizes their beliefs about
evolution of measure m at point y which may, in general, differ from the actual
evolution.

After solving for the optimal policies 7(z, z,m,t), the evolution of the actual
density of the agents can be found from the coupled system of SDE

dmt = A;Ztmtdt, dZt =\ 2ﬁth, (521)
with
A‘n’,z = 7T(1'7 Z,m, t)Vm + I/Az.

Rational expectations. Exactly as in Sec. 5.1l rational expectations mean that
the generator B that appears in Eqs. (519) and (&20) for the perceived density
ms+ and the perceived value function U coincides with the actual generator Ay .
that appears in the evolution equation (B2I)) for the actual density m(z,t):

Bz - Aﬂ,za (522)
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and, in addition, that the perceived diffusivity for the aggregate state Z; equals the
actual diffusivity, 5(z,t) = 5. In that case, (5.20) becomes

pU — U = maic{R(x, z,a,m) + AU} + AU
(¢S

+ [ [TnU)) s ml@dm(y) in B x RY x PRY) x (0,7),

Uz, z,m,T)=V(z,z,m) inR"xRFx P(R"),
Ar. =7V + VA,
m(x, z,m,t) = arg]gleai({R(x, z,o,m) + Aq U}
(5.23)

Importantly, analogous to the discussion in the preceding subsection, the implicit
assumption underlying rational expectations is that each agent knows not only the
correct stochastic process for their own individual state X;; but also that of the
state of all other agents, i.e. their optimal policies in the future.

Remark (Nash equilibrium, “common knowledge”, and the computa-
tional complexity of the Master equation). MFGs impose Nash equilibrium,
i.e. that each agent plays a best response to their prediction of every other agent’s
strategy. With rational expectations, each agent knows the other agents’ strate-
gies and then solves the infinite-dimensional Master equation to compute this best
response. In fact, the Master equation not only imposes that all agents know each
other’s strategies, but they also know that they all know, and so on, ad infinitum.
This assumption is called “common knowledge” in the economics literature. In that
sense, the policies coming from the solution to the Master equation are optimal for
a given individual agent only if the other agents also have rational expectations
and if everyone knows that they do. Without that social compact in which every-
one predicts an identical future, solving the infinite-dimensional Master equation is
suboptimal and may even be harmful. While requiring such “common knowledge”
is a common issue for Nash equilibria, the setting of the infinite-dimensional Master
equation is somewhat special because computing the Nash equilibrium requires a
huge computational cost that may not be accessible to all agents in the system.

6. Non-Rational Expectations in MFGs with Low-Dimensional
Coupling

In this section, we consider MFGs that have the special structure in Sec. Bl agents’
rewards depend on the measure m only through a low-dimensional functional.

6.1. The case without common notse

The case without common noise is analogous to Sec. 5.1l and we therefore cover
it only briefly. As in Sec. Bl the running reward and terminal value are given by
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Iﬂi;(Xm,oziys,pt) and ‘N/(Xiyt,pt) for a low-dimensional vector p, € RY with p, =
P*(my). Going forward we drop the tildes from R and V for notational simplicity.

With rational expectations, agents understand the dependence of p, on m; and
therefore use the functional P* together with the correct evolution for m; to predict
future values of p;. That is, agents have perfect foresight over the future trajectory
of p;. With non-rational expectations, agents instead perceive some other trajectory

Dst = O(s,t;p<t), s>1t, with pyy = p(t).

In particular note that agents’ perceived trajectory of future “prices” ps ., s > t gen-
erally depends on past realizations p<; which model agents have already observed
by the time t.

Benchmark with rational expectations. We first spell out the backward-
forward MFG system with rational expectations using the generator notation intro-
duced in the preceding section. We will refer back to this benchmark system at
various future points of the paper. The system is

pu — Opu = meai({R(x, a,p(t)) + Aqu} in R™ x (0,7),

m(x,t) = arg ror}g/)l({R(z, a,p(t)) + aVu(z,t)},

: (6.1)
om = ALm in R™ x (0,7),
p(t) = P*(m(?)) in (0,7,
m(0) =mo, u(z,T)=V(x, P*(mr)) in R™.

Non-rational expectations. Analogously to Sec. Bl the backward—forward
MFG system without rational expectations is

pu(z, s;t) — dsu(x, s5t) = majlc{R(x, o, Pst) + Az, s;t)} in R™ x (¢,T),
(¢S

Ps.t = O(s,t; p<t) in (t,7),

m(z,t) = arg méii({R(x, a,p(t)) + o Vau(z, t;t)},

om = Atm in R™ x (0,7T),
p(t) = P*(m(t)) in (0,7),
m(0,z) = mo(x), u(x,T;t)=V(x,pr,) inR™
(6.2)

6.2. Common noise: Sidestepping the Master equation in MFGSs
with a low-dimensional coupling

In the presence of a common noise Z;, as in Sec. B the running reward is
R(Xi, Zy, o s,pt) for a low-dimensional vector p, = P*(my,Z;) € Rf. With
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rational expectations, agents understand the dependence of p; on m; and Z; and
therefore use the functional P* together with the correct stochastic processes for
my and Z; to predict future values of p;. This leads to the Master equation (6.1,
with essentially no simplifications despite the low-dimensional coupling.

With non-rational expectations agents instead perceive some other stochastic
process for the pair (p;, Z;). In the simplest case, they simply perceive p; to evolve
according to a completely exogenous stochastic process

dps = p(Ds,)ds + 0p(Ps,e)dAWe, s >t Pre=pe. (6.3)

In more complicated cases, agents perceive a joint stochastic process for p;, Z; and
other variables (which could, in principle, include my).

In the case of agents perceiving the simple process (6.3)), instead of writing a
Master equation, we can write a much simpler, standard finite-dimensional HJB
equation for a value function U(z, z,p, t). Denoting the generator corresponding to

©3) by ﬁp we have
pU — 0,U = mEaX{R(JU, z,0,p) + AU}

+BAU + AU in R" x RF x RE x (0,7), (6.4)
U(z,z,p,T)=V(z,z,p) inR" x R* x RY,
A, =aV, +vA,.

Therefore, in MFGs with a low-dimensional coupling, departing from rational expec-
tations can completely sidestep the Master equation. Of course, the case considered
here is just an illustrative example. In particular, note that the perceived law of
motion (G3)) is specified completely “outside the model” which leaves open the
question of where this perceived law of motion “comes from” in the first place.

6.3. The trouble with the Master equation in MFGs with a
low-dimensional coupling

The corresponding Master equation for the value function U(x, z,m, t) is instead
pU — U = maic{R(x, z,0, P*(m, z)) + AU} 4+ BALU
(¢S
+ [ [TnU)) s ml@dm(y) in B x RY x PRY) x (0,7),

Uz, z,m,T)=V(z,z,m) inR"xRFx PR"),
Ar. =7V + VA,
m(x, z,m,t) = arg]gleai({R(x, z,0, P*(m, z)) + a- V,U(z,z,m,t)}.
(6.5)
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This is the same Master equation as described in Sec. B4l but using the generator
notation used in the present section. As already noted there, the special structure
of MFGs with a low-dimensional coupling does not simplify the Master equation in
any straightforward way. In particular the infinite-dimensional measure m € P(R™)
is still a state variable in agents’ value function.

The reason this happens is the rational expectations assumption. Intuitively,
because agents are forward-looking, they need to forecast future prices p;, a
low-dimensional object. But they understand that p; depends on the infinite-
dimensional measure m; via the functional ([B2). Therefore, agents forecast the
measure m; in order to forecast prices p;. Furthermore, as before, they forecast m;
using their knowledge of all other agents’ policies w(y). Note that all of this happens
despite agents not even directly “caring about” the distribution m;.

Related, note that actual equilibrium prices p; do not follow a Markov process
(if they did, one could write a finite-dimensional HJB equation with prices p as the
state variables also in the rational expectations case); instead only (my, Z;) has the
Markov property and prices are instead a complicated nonlinear functional of this
Markov state. Agents with rational expectations therefore (unrealistically) forecast
the Markov state (my, Z;) in order to forecast the non-Markovian prices p;.

Considering the case of macroeconomics MFGs, Moll [39] argues that we should
not make our lives so hard. It seems self-evident that real-world households and
firms do not forecast prices by forecasting cross-sectional distributions and instead
solve simpler problems. Instead of solving “Monster equations” we should replace
the rational expectations assumption and solve the simpler equations corresponding
to households’ and firms’ actual price-forecasting behavior.

7. A Way Forward: Learning in MFGs

As we have argued, MFGs with rational expectations and the Master equation are
unrealistically complex as models of human decision-making. We have also seen
that departing from rational expectations may hold the promise of sidestepping the
infinite-dimensional Master equation altogether. However, in the MFGs with non-
rational expectations we have considered thus far, agents held beliefs about future
evolution or future prices that were specified outside the model (the “temporary
equilibrium” idea). Therefore, these specified beliefs may end up being completely
disconnected from the actual evolution of these equilibrium objects, i.e. there may
be a disconnect between beliefs and “model reality” and agents’ expectations may
be systematically disappointed. A related issue is that a model with exogenously
specified beliefs is subject to a version of the so-called “Lucas critique” [37]: when
there is a change in economic policy (which would typically correspond to a change
in a model parameter), one should expect agents’ beliefs to change as well and this
belief updating needs to be modeled.

How can we model non-rational expectations that are endogenous to the actual
equilibrium prices but that, nevertheless, sidestep the Master equation and allow
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for computing standard finite-dimensional HJB equations for agents’ value func-
tions? Put differently: how can we formulate, in a systematic way, models of agents’
behavior in situations with a low-dimensional coupling that lead to equations that
(i) approximate agents’ real-world behavior, and (ii) sidestep computing the solu-
tions to a Master equation with the infinite-dimensional state m € P(R™) and the
associated curse of dimensionality? This is the challenge posed by Moll [39].

A natural answer is to add some form of learning to the model. That is, instead
of imposing — as the rational expectations assumption does — that agents know
the correct (and extremely complex) transition probabilities of equilibrium prices,
we instead impose that agents learn about these transition probabilities over time.
This approach has a long tradition in the economics literature, typically in the form
of “least-squares learning” [10} 20, B8], and has recently been applied in the MFG
literature to the case without common noise [6, B3, [34, 49], mostly in the form
of RL.

Before proceeding to describing this way forward, let us also note that one
promise of modeling learning in this way is to “kill two birds with one stone”:
to develop variants of MFGs with a low-dimensional coupling that are easier to
compute and analyze, while, at the same time, making these models more realistic
and more likely to generate interesting macroeconomic phenomena.

7.1. Adaptive learning without common noise

Adaptive learning is a special case of the non-rational beliefs about the future we
have discussed in Secs. Bland [61 More specifically, this is a special form of the future
prices predictor O(s,t; p<,) that appears in the system (6.2). One simple version
of adaptive learning is least-squares learning [10, 20, B8|. Jacobson [29] implements
such an approach in a heterogeneous-agent model.

In the simplest version of least-squares learning, at any time ¢, agents simply
expect prices to remain constant at some value p, i.e. p; = p for all s > ¢. However,
they update their estimate of this constant value over time as they collect new
data on actual realized prices and we denote agents’ time-t estimate of p by py.
Specifically, agents compute p; as a simple backward-looking average:

1
Pt = _/ pst-
t Jo

=1 N
b= 5 (pe = Pr)- (7.1)
Other forms of learning besides least-squares learning are possible as well, such as,

for example, an ordinary differential equation of the form

ﬁt = L(ptvﬁt)- (7-2)

Differentiating, we have

For example, the ODE
b = alpi — D),
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with a constant o > 0 rather than the factor of 1/¢, as in (]), is what is called
“adaptive expectations” [I1]. Note that expected prices will generally differ from
actual prices, i.e. there is no longer perfect foresight.

In more complicated versions of least-squares learning, agents have a parametric
“perceived law of motion” of prices

pt = ;U’p(ph 9)7 (73)

where § € R? is a parameter vector which parameterizes their beliefs about the
evolution of p;. For example the perceived law of motion function fp, could be
linear:

Pr = 0o + O1ps.

Agents then update their estimate 9At € R? of the parameter vector 6 recursively
over time

é\t = L(pt7 é\t)a é\o given7 (74)

which plays a similar role to the ODE ((C2]). For example, if L is linear, @ could be
a backward-looking least-squares estimator. Note that p; that appear in (4]) are
the actual observed prices at time t.

Agents’ policies 7(x,t) are determined from the following optimization problem
that is analogous to (B3). We fix ¢t € [0,7] and for each s € [t,T] consider the
perceived value function

T
ﬂ(l'7 S35 t) = ma}[g]E / 6_p(T_S)R(Xi,T7 ai,TaﬁT;t)dT + e_p(T_S)V(Xi,T7ﬁT,t)
;€ s

(7.5)

subject to (1)) for the evolution of X;; and where pr; are the perceived future
prices that evolve according to

dﬁ‘r't ~ o

— = T ,9 9 t < < T7
I tp(Prit, 01), t <7< (76)
ﬁt;t = Dt-

Here, p; are the actual observed prices at time ¢, and 5,5 is the solution to (4.
We emphasize that the parameter ﬁt in (ZG) is fixed for t < 7 < T and does not
depend on 7. That is, from the point of view of an agent at time ¢, 5,5 is just a fixed
parameter vector that parameterizes the perceived law of motion f, of future prices
Drit, with 7 > ¢. Note that the dependence of the perceived value function u(z, s;t)
on the time ¢ is solely through the parameter 6, that appears in the perceived
evolution (Z.8) of the future prices.
The optimization problem (73] gives rise to the perceived future policy

m(x, s;t) = arg meajlc{R(x, o, Dsit) + o - Viu(z, s;t)}. (7.7)
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The actual policy that the agents are following is, on the other hand,
m(x,t) =7(z,t;t) = arg maj‘({R(I, a,p) +a - Vau(z, b))} (7.8)
aec

As above, the interpretation is that agents believe that for all s > t prices will
evolve according to (L.0) and this is what shows up in their continuation values.
However, when they choose their policy at time ¢, they see the actual realized prices
pt+ (which will generally differ from any previous estimates of p;).

Going forward we drop the hat from 9At for notational simplicity but keep in
mind that this is really a time-varying estimate of the parameter 6 in ([Z3]). With
this notation in hand, the backward—forward MFG system with adaptive learning
becomes the following version of (G.2]):

pule, s;t) = dsu(w, s;t) = max{R(z, @, psye) + Aati(, 5:1)} in R"™ x (¢,7),
[e1S
dﬁs;t ~ .
e tp(Ps:t, 0t) in (¢,7),
ﬁt;t = Pt,

n(a,t) = argmax{ R, o, po) + - Vi@, 1)),

om = Arm in R™ x (0,7,
0, = L(py,0;), 0o given, in (0,7),
pi = P*(m(t)) in (0,7).
m(0,z) = mo(x), ulz,T;t)=V(x,prs) in R™.
(7.9)

Here, in the context of adaptive learning, the low dimensionality of the coupling
is crucial: instead of a highly complex infinite-dimensional analog of the Master
equation, we get a finite-dimensional system (Z9). The forward-in-time equation
for m(t,x) in the system (Z9) is coupled to the backward-in-time equation for
the perceived value function u(x, s;t) solely via the actual price p; that appears
in the strategy 7(x,t) and in the parameter 6; that appears in the HJIB equation
for w(x, s;t). This coupling is not as severe as in MFGs with rational expectations
since, as we have mentioned previously, the solution to ([Z9]) does not require any
iterations. It does require, however, to solve, for each ¢t € [0,7T], a separate HJB
equation on time interval t < s <T.

The Hamilton—Jacobi—Bellman equation in the price space. An alternative
way of writing ([C9)) is to introduce the perceived value function U (z, p, s;6) defined
for all prices p € R? and parameters 6 € R%:

Ul(z,p,s;0) :ggiE

T
/ e_p(T_S)R(Xi7T757 Qi r,s5 Pr,s)dT + e_p(T_s)V(Xi,T;&ﬁTﬁ) )

S

(7.10)
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defined for s < T'. Note that the perceived value function no longer depends on the
time ¢ at which the parameter 6, is fixed for s > t. As we have mentioned, the only
dependence in (ZH) on ¢ comes from the parameter 6; that is fixed for s > ¢. Here,
the agents are allowed to take various values of #, which, in turn, allows us to get
rid of the dependence on ¢. The perceived future prices p; s evolve according to a
generalization of (T.0))

dpr s N

— = TS79 ) S S T7

Ir pip(Pr,s,0), s<T (7.11)
ﬁs,s =D,

but now with the parameter € set to the value that appears in the argument of

u(z,p,0,s) in @I0).
The perceived value function U(z, p, s; ) defined in (TI0) solves a single HIB
equation

pﬁ(x,p, s;0) — 3sl7(sc,p, s;0) = H(x,p, Vxﬁ) + VAx[/j(JU,p, s;0)
H(‘Tapv >\) = maj‘({R(l‘v a7p) +o- A}7
aec
with (z,p,s) € R" x R® x (0,7) and 6 € R9.

Note that the arguments of the value function include not only the low-
dimensional prices p € R but also the “fairly high-dimensional” parameter vector
6 € R?. While including p comes at a low computational cost, including 6 comes at a
significantly higher additional computational cost. However, note that Eqs. (Z12)
for different 6 are decoupled from each other. As we will remark below, this is
something one can exploit to reduce computational costs.

The HJB equation ([TI2) for the perceived value function gives rise to the per-
ceived policy

(2, p, 5:0) = argmax{R(x, o, p) + - V.U(z,p,s;0)}. (7.13)

Analogously to above, the actual time-t policy is then given by the perceived policy
evaluated at the time-t price p; and parameter 6;:

m(x,t) = 7(x, pe, t; 0). (7.14)
The prices p; on the right side of (Z.14) are given by
pe =P (m(t)). (7.15)

The measure m(z,t) and the parameter 0;, in turn, solve the forward-in-time
problems

oym(z,t) = Arm(z,t),

: (7.16)
0; = L(pt, 0:),
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with the policy m given by (CI4) and with initial conditions mg(z) and 6. The
system (L. T4)—(Z.16) is driven by the solution to (ZI2]) via the policy 7 that appears

in ([CI4).

Remark on computational cost of ({.12]). The price for solving a single stan-
dard HJB equation for U is the need to solve ([C12) for all § in the region of
interest. Thus, the computational complexity of this formulation is controlled by
the dimension d of the parameter space 6 € R? which may be considerably higher
than in (Z9). However, one can take advantage of the fact that the HJB equa-
tions ([LI2) are decoupled for different 6 here. In particular, this means that one
can solve (ZI2) only for the 0’s one actually encounters. Specifically, starting from
an initial condition 6y, solve the HJB equation (ZI2]) for 6§ = 6p; then update 6
according to (ZIG), solve the HJB equation again for this new 6, and so on.

Internalized learning. In the HJB equation (LI2]), agents do not take into
account that the parameter vector @ evolves according to the learning rule (7.4).
Hence, in ([LI2)) learning is “external” to agents. An alternative approach pursued
in part of the economics literature (e.g., [I7]) is to instead assume that agents
“internalize” learning, taking into account the evolution of @ The corresponding

variant of (ZI2) with internalized learning is

pﬁ - 856' = H(x,p, Vg;fj) + VAwfj + pp(p, 0) - Vpﬁ + L(p, G)ngj,

(7.17)
H(I,p7 >‘) = majc{R(x, 0[7]7) +a- )‘}7
[e1S

with (z,p,s) € R x R x (0,T) and 6 € RY. Both formulations are sensible from an
economic perspective and simply correspond to different assumptions about agents’
sophistication.

Belief heterogeneity. In the system (Z9), the parameter 6, that couples its
forward- and backward-in-time components, summarizes agents’ beliefs about the
evolution of the future prices. Although these beliefs vary over time, and ; evolves
in ([Z9) according to a differential equation, the assumption leading to () is that
all agents share the same beliefs 6;. As remarked in Sec. 5.1} it is natural to allow
for heterogeneity in beliefs which is an important feature of real-world data on
empirical measures of such beliefs.

A convenient feature of the formulation (CI2) in which 6 is a state variable
is that it is easy to extend to the case of belief heterogeneity which we model as
follows. Beliefs 6 differ across the population and there is an initial joint density
of states and beliefs mg(x, ). Starting from time ¢ = 0, beliefs evolve according
to the following generalization of (4] which allows for learning to depend on the
individual state X;; as well:

0t = L(pt, Xit,000), 0i0 ~ molz,0). (7.18)
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The value function of an agent with beliefs 0 still satisfies the same HJB equation
([TI2)). The actual policy of that agent is then given by

m(x,0,t) = 7(x,p, t;0) = arg ]gleaj‘({R(x, a,pt) + - Veu(z,p,t;0)},  (7.19)
meaning that their trajectories are
dX;; = n(z,0,t)dr + V2vdB,; ;.
The prices p; on the right side of (ZI9) are still given by
pe = P*(m(t). (7.20)
The measure m(x,6,t), in turn, solves the forward-in-time problem
om(x,0,t) = Azm(z,0,t) — dive(L(py, x, 0)m(x, 0,1)), (7.21)

with the policy 7 given by (ZI9).

It is worth contrasting the system (ZI9)—-(Z21]) with belief heterogeneity with
its counterpart (CI4)-([ZI0) for the case of homogeneous beliefs. The structure of
the two systems is exactly the same, except that the system (TI9)-(Z2I) tracks a
joint distribution for (z,0) rather than a marginal distribution for .

7.2. Adaptive learning with common noise: Sidestepping the
Master equation

Starting from the second formulation in the preceding section with (p, ) as state
variables, the generalization to the case of common noise is straightforward. The
key point of this section will be that modeling adaptive learning in MFGs with
a low-dimensional coupling and common noise allows for sidestepping the infinite-
dimensional Master equation.

Agents’ perceived law of motion for prices is

d]/)\&t = Mp(ﬁs,h Zs, 9)d8 + Jp(]/)\s,ta Zs, Q)st7 (722)

where §# € R? is a parameter vector. The agents’ estimate of @ is still updated
according to the learning rule (Z4).

Denoting the generator corresponding to (Z.22]) by A,(z,6), we have the follow-
ing HIB equation for the perceived value function U(x, z, p, t; ) which is similar
to (CI2):

pﬁ —0,U = H(z,z,p, Vzﬁ) +vALU + Ay (z, 0)(7 + ﬂAzﬁ,
7.23
H(z7 Z7p7 )\) :maz({R(z7 Z’ a7p)+a' A}7 ( )
aec

with (z,2,p,t) € R" x RF x R® x (0,T),0 € R, and with corresponding policy
m(x, z,p,t;0) = arg majc{R(x, z,a,p) + - Vgcfj\'(oc7 z,p,t;0)}. (7.24)
[e1S

The important observation is that (Z.23)) is a standard finite-dimensional HJB equa-
tion rather than an infinite-dimensional Master equation.
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To solve for the evolution of the density m¢, equilibrium prices p;, and the
learned parameter estimates 6;, one can then proceed in the same fashion as in the
case without common noise. First, define

ﬂ'(l’, Ztat) :%(‘T7Ztaptat;0t)a (725)
where the price p; is given by
Pt = P*(mt, Zt) (726)

Then solve the following forward-in-time system:

dmt = A;hztmtdt,
dZ; = \/2BdB;, (7.27)
ét = L(pu 915),

with the policy 7 given by (Z.25) and with initial condition (mg, Zo, 0o).

Remark on computational cost of (Z23). The same remark as in the case
without common noise applies: one does not actually have to solve (Z23) for all
values of # € R?. This is because the equations for different 6 are decoupled from
each other. Starting from 6y, and simulating (Z.27) forward in time, it is therefore
sufficient to solve (T.23) ounly for the 8’s one actually encounters.

Either way, this computational cost should be compared to the cost of computing
the infinite-dimensional Master equation with rational expectations. The former is
clearly lower regardless of the exact computational strategy for (Z.23).

7.3. Other directions: Reinforcement learning and other stochastic
approximation methods

One other approach for sidestepping the Master equation is to approximate the
value function in Sec. using ideas from the literature on RL. RL means learning
value or policy functions of incompletely-known Markov decision processes (MDPs)
via Monte Carlo simulation [45]. RL is typically formulated in discrete time but
there exist continuous-time formulations [19, [30, [47].

Yang et al. [50] and Wibault et al. [48] apply RL ideas to discrete-time MFGs
with a low-dimensional coupling and common noise of the type studied here. Specif-
ically, Yang et al. [50] propose a “Structural Policy Gradient” (SPG) method which
leverages the known structure of individual dynamics (the generator A,) while
treating prices p; via simulation. While they impose that policy functions depend
only on current prices, Wibault et al. [48] keep track of full price histories using
recurrent neural networks as in recurrent RL [25] [41].

More generally, a promising approach could be to approximate these value func-
tions using a “stochastic approximation algorithm” (e.g., [36, [42]) of which RL is a

special case [28] [46].
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8. Discrete Time

There is also a literature on discrete-time MFGs (e.g., [21,22]) and this formulation
may be useful for the application of some promising approaches to the challenge
posed in this paper such as RL. We therefore briefly repeat our paper’s arguments
in discrete time. For brevity we skip the case without common noise and focus
directly on the more challenging case with common noise. For simplicity, we also
focus on the case with finite state and action spaces, though this simplification is
not essential.

8.1. Setup: Discrete-time MFGs with common noise

Everything is analogous to the continuous-time setup in Sec. 2l Consider a system
of N > 1 individual agents (players) at positions (states) X;; € X C R", i =
1,..., N, where X is a finite state space, i.e. X;; can take only finitely many
possible values. Time is discrete, t = 0,1,...,T, where T is a fixed terminal time
that is sometimes taken as T = +o00. As above, we consider the limit N — +oo of
a large number of agents. Anticipating this limit we here write equations directly
in terms of the limiting density which we denote by m;(x) € P(X), the space
of probability measures with support in X. Given x can take only finitely many
values, this density is simply a high- but finite-dimensional vector (essentially a
“histogram”). The setup and notation are close to [33], 48].

Agents receive a period reward R(X; ., Z:, a;¢,me) and their state evolves
according to a Markov process

Xitt1 ~ To(| Xi e, Zy, g, my). (8.1)

As above, a;; € A C R” is a control (but with A a finite action space) and
Z; € Z C RF is the aggregate state (common noise) that affects all agents and
which evolves according to an exogenous Markov process:

Ziy1 ~ T.(|Zy). (82)
Agents maximize the cumulative discounted reward:
T
_ t T
ui,O = méel}é]E Z Yy R()(“g7 Zt, Oéi7t, mt) —+ Yy V(Xin, ZT, mT) (83)
o =0

subject to (BI) and (82)) and where V is a terminal value and 0 < v < 1 a discount
factor.

As above, the optimal policy induces the density m; to evolve over time. This
evolution is easiest to spell out for a slight generalization of the problem (B3] in
which we allow for stochastic policies of the form:

i~ (| X, Ze,my), (8.4)

where 7; is the probability distribution over actions a;; conditional on the states
(Xit, Zt, my). Given the optimal policy 7, the density m; then evolves according to
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a Chapman—-Kolmogorov equation (the discrete-time analogue of a Fokker—Planck
equation)

mi1(z) =Y mu(E)m(61E, Ze,me) T (2|3, &, Zi,my) (8.5)

#,a
which we can also write
T
miy+1 = A,,tyztmt, (86)

where Ay, 7, is the transition matrix of = induced by the optimal policy ;. This
equation is the discrete-time counterpart to the Fokker—Planck equation (G.21),
with the transition matrix Ay, 7, being the counterpart to the generator A z,
(and the matrix transpose that to the operator adjoint). Note that, because Z;
evolves according to the Markov process ([82]), the density m;41 is itself a stochastic
process.

Mean Field Games with a low-dimensional coupling. As in Sec. [3 we pay
special attention to the class of “MFGs with a low-dimensional coupling”. Using
analogous notation, agents choose policies 7 to maximize

T
Ui = g}gﬁE Z'YtR(Xim Zi,cigpt) + TV (Xir, Zr, pr) (8.7)
‘ t=0
subject to
Xitr1 ~ T (| X, Zioy g, pr),s (8.8)
and (82) where

Pt = P*(mt7Zt)7 (8-9)

for a fixed functional P* : P(X) x Z — R*. Again note that model agents do not
directly “care about” the density m; in the sense that it does not enter their running
reward functions; instead they only “care about” the much lower-dimensional vector
pe. As discussed in Secs. B.I] and such MFGs arise naturally in macroeconomics
where they are known as “heterogeneous agent models” (e.g., [18 31]). In this case,
the vector p; has the interpretation of “equilibrium prices” that are determined
from some “market clearing” conditions analogous to (3.0)).

Rational expectations. As above, standard formulations of this MFG impose
rational expectations: agents know not only the correct transition probabilities 7
and 7, but also the high-dimensional transition matrix A, z, which governs the
evolution of the complex system they inhabit.

Master equation in discrete-time MFGs. In both general MFGs and MFGs
with a low-dimensional coupling, under rational expectations, the agents’ optimiza-
tion problem gives rise to the Master equation (i.e. Bellman equation on the space
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of probability measures):

Ui(z, z,m) = max R(z, z, 0, m) + VEyr o [Upyr (2, 2',m/) @, 2, m]

subject to
¥~ T (|w, 2,y m),
(8.10)
2~ 'TZ(|Z),

m' =AY m

Ur(z,z,m) =V (x,z,m).

This equation is the exact discrete-time counterpart to (523) and it similarly fea-
tures the state variable m € P(X), the space of probability measures with support
in X. It therefore suffers from an extreme version of the curse of dimensionality.

Section criticized the continuous-time Master equation in MFGs with a
low-dimensional coupling. All the same criticisms also apply to its discrete-time
counterpart.

8.2. Discrete-time MFGs without rational expectations

General MFGs without rational expectations. As above, we assume that
agents have rational expectations about the evolution of their own individual state
X, 1.e. that they know the correct transition probabilities 7,. However, like in
Sec.[5.2] we allow for the possibility that they may have non-rational expectations
about the evolution of the density m; and the aggregate state Z;. In particular,
agents believe that the density and aggregate state evolve according to the perceived
laws of motion

ﬁls-ﬁ-l,t = Bgtﬁ’bs,n s>t

R L (8.11)

Zsy14~T.(|Zsyt), s>1t,

with m;; = m; and Zyt = Z; rather than (82]) and (88]). Under this assumption,
the agents’ optimization problem gives rise to a Master equation that is just like
(BI0) but with 7, replaced by 7A; and A . replaced by Bz. Rational expectations
impose that

Bz = Aﬂ,z and I?z = ITZ
so that, in the special case of rational expectations, we recover the usual Master

equation (BI0).

Sidestepping the Master equation in MFGs with a low-dimensional
coupling. It is again most interesting to consider non-rational expectations in
MFGs with a low-dimensional coupling because this holds the promise of sidestep-
ping the Master equation altogether.
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With rational expectations, agents understand the dependence of p; on m; and
Z; and therefore use the function P* together with the correct stochastic processes
for m; and Z; to predict future values of p;. This leads to the Master equation (810),
with essentially no simplifications despite the low-dimensional coupling.

With non-rational expectations, agents instead perceive some other stochastic
process for the pair (pt, Z¢). Like in Sec.[6.2 they could simply perceive p; to evolve
according to an exogenous Markov process

Pstie~ ’?p('ms,t)v s>t, Dii =Dt (8.12)

In more complicated cases, agents may perceive a joint stochastic process for p;, Z;
and other variables.

In the case of agents perceiving the simple process ([8.12)), instead of writing a
Master equation, we can write a much simpler, standard finite-dimensional Bellman
equation (as above, going forward, we drop the tildes from R and V for notational
simplicity):

~

Ui(w, 2,p) = max R(z, 2,0, p) + VEar o1 pr [Ura (2, 2, '), 2, p]

subject to

2~ To( |z, 2, a,p), (8.13)
2~ T (]2),

» ~T,(Ip),

ij(x, z,p) =V(x,z,p).

Therefore, in MFGs with a low-dimensional coupling, departing from rational expec-
tations can completely sidestep the Master equation. Of course, the case considered
here is just an illustrative example. In particular, note that the perceived law of
motion (G3)) is specified completely “outside the model” which leaves open the
question where this perceived law of motion “comes from” in the first place.

8.3. The challenge and a Markov reward process

As discussed in Sec. [[land [39], the challenge is: how can we formulate, in a system-
atic way, models of agents’ behavior in situations with a low-dimensional coupling
that lead to equations that (i) approximate agents’ real-world behavior, and (ii)
sidestep computing the solutions to a Master equation with the infinite-dimensional
state m € P(X) and the associated curse of dimensionality?

A Markov Reward Process with all the difficulty. To understand the key
difficulty, it is useful to consider a simplified version of the model with no actions
a, i.e. a Markov Reward Process (MRP) rather than an MDP. This material is
adapted from ongoing work by Yang et al. [50].
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To this end, eliminate actions o and assume that the state X;; evolves exoge-
nously according to a transition matrix Az, that depends on the aggregate state
Zy, implying that (my, Z;) evolve as

miyr = Ay mi,  Zigr ~ T Z). (8.14)

Similarly, replace the running reward and terminal value in ([87) by a reward R(p)
and terminal value V(p) that depend only on the low-dimensional price vector
p: € RY. As before, the vector p; is still determined by (&3).

The simplified problem is to compute the value of a MRP: given p; evolving
according to [89) and (my, Z;) according to (814, compute the expected present
discounted value (PDV) of rewards:

T
uo =E | A" R(pi) +7"V(pr)| - (8.15)
t=0
This problem contains all the difficulty of the more complicated problem in MFGs
with a low-dimensional coupling.
The “correct” way — in the rational expectations sense — of computing the
value of this MRP is to solve a Master equation for the value function U;(z,m):

Ui(z,m) = R(P*(m7 z)) +YE. [Ut+1(zl7m/)|zﬂ m]

subject to
2~ T,(v2), (8.16)
m' = Alm,

Ur(z,m) =V (P*(m, z)).

This Master equation illustrates the trouble with the rational expectations assump-
tion: even though the reward function is only a function of a low-dimensional vector
p € RY, computing the PDV in (8I5) requires solving a Bellman equation on the
space of probability measures P(X).

The difficulty: prices p; are not Markov. As discussed in Sec. [l the key
difficulty is that the vector p; does not follow a Markov process; instead only (my, Z;)
has the Markov property and p; is instead a complicated nonlinear functional of this
Markov state. Agents with rational expectations therefore (unrealistically) forecast
the Markov state (my, Z;) in order to forecast the non-Markovian p;.

8.4. Adaptive learning in discrete time

Finally, we show how to write the adaptive learning model of Sec. [1 in discrete
time. The economics literature typically formulates such models in discrete time
[10, 20} 29] B8]. The key assumption is that, to forecast prices, agents use a perceived
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law of motion in the form of a Markov process:
ﬁs-i—l,t ~ /];7('|ﬁs,t7 Zsa 0)7 S Z ta ﬁt,t = Pt, (817)

where 6 € R is a parameter vector. The key difference to the Markov process (812))
in Sec. is that the process is endogenous to the model because agents learn the
parameter vector 6 over time from past observations of p;. Specifically, they form
an estimate @ of 6 which they update using the learning rule

01 = L(py. 0y). (8.18)

For example, (BIT) could be a vector autoregressive (VAR) process for the vector of
prices and (B8] a recursive least-squares estimator for the parameters of this VAR.

Dropping the hat and subscript from gt for notational simplicity (but keeping
in mind that this is really a time-varying estimate of the parameter 6), the agents’
optimization problem given a current estimate 6 is

T
Ut(za Z,P; 0) = (Ilng‘fg]E Z ’Ys_tR(X’L}Sa Zt7 ai,saﬁs,t) + ’YT_tV(Xi,TH ZT7Z/)\T,t)
‘ s=t

(8.19)
subject to
Dorre ~ Tp( 1B Z6,0), s>, (8.20)
pti =D (8.21)
and subject to (82) and (&S).
The corresponding Bellman equation is
Ut(x7 z,p;0) = max R(z, z,0,p) + YEus o [Upsa (2, 2,05 0) |2, 2, p]
subject to
/
7~ Tllw 2 o), (8.22)

2~ 'TZ(|Z),
p/ N,j\;?(lp7279)7
ﬁT(f‘U7Z7p; 0) = V(x,z,p),

with corresponding optimal policy 7 (x, 2z, p, 6). The key observation is that this is
a standard finite-dimensional Bellman equation rather than an infinite-dimensional
Master equation. Analogous to the discussion in Sec. [, the Bellman equa-
tion (B22) assumes that learning is external to agents and one can instead for-
mulate a variant with internalized learning (e.g., [I7]). To obtain this variant, we
simply replace 6 in U1 (2,2, p";6) by 6’ and add the law of motion 8’ = L(p,0)
to the constraint set.
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With the solution in hand, the evolution of the density m; and equilibrium
prices p; are found as follows. First, define

mi(x, Z¢) = T (x, Z, pr; 6), (8.23)
where the price p; is given by
pr = P*(my, Zy). (8.24)
Then solve the following forward-in-time system:
Mg = AL 7 mu,
Ziy1 ~ T.("| Zt), (8.25)

Or+1 = L(pt, ),
with the policy 7 given by ([823]) and with initial condition (mg, Zo,0y). A similar
problem is solved by Jacobson [29].

Remark on computational cost of ([822)). As noted in Sec. [, one does not
actually have to solve [822)) for all values of § € R%. This is because the equations
for different 6 are decoupled from each other. Starting from 6y, and simulating
®Z9) forward in time, it is therefore sufficient to solve ([822]) only for the 6’s one
actually encounters.

Remark on relation to Krusell and Smith [31] algorithm. There is a link
between this adaptive learning approach (specifically, the variant with least-squares
learning) and the algorithm of Krusell and Smith [31]. In both approaches, decision-
makers use a perceived law of motion like (BI7) and estimate its coefficients via
least squares. A difference is that adaptive learning updates the coefficient estimate
041 from 6, recursively over time so that solving for the MFG equilibrium and
belief updating are done “in one sweep” via solving ([825]) forward in time.

9. Conclusion

This paper has shown how to formulate MFGs without rational expectations, i.e.
without the assumption that agents know all relevant transition probabilities for the
complex system they inhabit. Instead of using the correct transition probabilities,
agents instead use some other “non-rational” transition probabilities when solving
their optimization problems. We show how to write the corresponding equations
describing the Nash equilibrium of the MFG, both for the case with and without
common noise. In the special case of rational expectations we recover the standard
backward—forward MFG system and MFG Master equation.

Departing from rational expectations is particularly relevant when there is com-
mon noise in “MFGs with a low-dimensional coupling”, i.e. MFGs in which agents’
running reward function depends on the density only through low-dimensional func-
tionals, which are typical in macroeconomics. In MFGs with a low-dimensional cou-
pling, departing from rational expectations allows for completely sidestepping the
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Master equation and for instead solving finite-dimensional HJB equations. We intro-
duced an adaptive learning model as a particular example of non-rational expecta-
tions and discussed its properties.
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