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 [MAY

 A Reconsideration of the Theory of
 Value

 By J. R. HICKS and R. G. D. ALLEN

 Part II.-A Mathematical Theory of Individual
 Demand Functions

 By R. G. D. ALLEN

 THE established definition of the way in which a pair of goods
 can be related in an individual's scale of preferences is due, in
 its precise form, to Edgeworth and Pareto. The definition
 assumes the existence of a utility function giving the utility to
 the individual of any combination of the set of consumers'

 goods, X,Y,Z ........ which enter into the individual's budget.
 Denoting the function by u=b(x,y,z . ...... ), the Edgeworth-
 Pareto definition of the relation between any pair of goods,

 X and Y, depends on the sign of aa The goods are
 axay

 32U
 complementary or competitive according as is positive or

 negative. If the individual possesses an increased amount of
 one good, the marginal utility of the other good increases in
 the complementary case and decreases in the competitive case.

 This definition ignores one fundamental fact. Even if the
 utility function exists at all, it is by no means unique and it
 can serve only as an index, and not as a measure, of individual
 utility. Pareto himself established this fact, but failed to

 deduce the logical corollary that the derivative a is also

 indeterminate both in sign and in magnitude. To prove this
 corollary we proceed as follows. The utility function index is
 the integral of the " indifference " differe :Jtial equation:

 0,,ndx+O,dy+O,dz+ ....... o,
 where O., +) Oz) .... are the marginal utility functions,
 determinate only as to their ratios. If u=O(x,y,z ....... ) is one

 I96
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 I934] A RECONSIDERATION OF THE THEORY OF VALUE I97

 form of the integral, and if 0b, 0, . ...... are arranged to be
 the partial derivatives of this function, then the general utility
 function index is:

 u F {b(x,y,z ......
 where F is an arbitrary function with a positive derivative.'

 The partial derivatives of the function index are

 aau F(o).O.<; aau=F(o).ov; a8 u- F' (0)...... @@

 The signs of these derivatives are the signs of f0,r,, 0, ~,..
 respectively and their ratios are determinate (as required). On
 the other hand, the sign of the second-order derivative

 ax- Ff (0). *x + VF"f(0). ox . ov

 cannot be taken as determinate and it depends entirely on the
 form adopted for the arbitrary function.2 The above definition
 of complementary and competitive goods is thus indefinite;
 for a given combination (x,y,z ....... ), the same pair of goods
 can be sometimes complementary and sometimes competitive
 according to the form taken for the utility function index. The
 Edgeworth-Pareto definition is not adequate for the distinction
 of relations between a pair of goods and it must be rejected in
 any precise theory of individual choice. The development
 which follows will decide, amongst other things, what can be
 put in its place.

 I. INDIVIDUAL DEMAND IN THE CASE OF TWO GOODS

 I. In the present section we shall consider the case where only
 two goods, Xand Y, enter into the budget of a given individual.
 The case can be interpreted in two ways. Either all goods other
 than the pair XY are possessed by the individual in known
 amounts, and he considers his expenditure on X and Y inde-
 pendently, or the pair XY represent two broad classes of goods
 (e.g. food and other items) which together make up the indi-
 vidual's complete budget. In either case, it is seen that the
 theory of demand for two goods is subject to severe limitations
 in possible applications.

 1 The positive derivative is only necessary to ensure that u is a genuine index of
 utility in the sense that all its forms increase or decrease together.

 2 The only case in which a a is definite in sign is when either z or Xv is zero,

 i.e. when the marginal utility ratio j: q, is zero or infinite and the individual is
 " saturated " with one of the goods. This possibility does not concern us in our
 consideration of the individual under market conditions.

 p
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 I98 ECONOMICA [MAY

 2. The individual's scale of preferences.-The individual
 possesses the combination (x,y) of amounts of the two goods
 X and Y.1 The fundamental postulate of the theory is that
 there exists a unique " indifference direction " for variations

 from the combination (x,y) defined by a differential equation:
 dx+Rydyz o .............................. (.

 The equation expresses a relation between increments dx and
 dy (one positive and one negative) which just compensate each
 other as far as the individual is concerned. The expression
 Ry -dx/dy is the (limiting) ratio of compensating increments in
 x and y,2 i.e. Ry is the marginal rate of substitution of Xfor Y. As
 the combination (x,y) varies, so does the individual's indifference
 direction and the value of Ry. In fact, Ry is a function of x
 and y, and its values for various combinations (x,y) describes
 the scale of preferences of the individual. Only the function Ry
 is needed, since the marginal rate of substitution of Y for X is
 RY I/RY.

 Three assumptions are made about the scale of preferences:

 (i) Ry is a continuous function of x and y.
 (2) Ry is positive at all points (x,y).
 (3) For the variation of the indifference direction from

 any point, the expression dx+ Rydy always decreases:
 d(dx+Rydy)<o subject to dx+Rydyz o,

 i.e. I Ry a a
 a - = y - RyR Ry<o ...... (2).

 The differential equation (i) is always integrable, and from
 it is obtained a system of indifference curves in the OXY plane.
 The tangent to the indifference curve at any point has gradient

 (-Ry) referred to OY, or gradient (-Ry) referred to OX. The
 first two assumptions imply that each indifference curve has a
 continuously variable tangent which is always downward
 sloping. The third assumption implies that the indifference
 curves are everywhere convex to 0. The numerical value of
 the tangent gradient referred to OY (or to OX) increases as

 I The problem is a completely static one and the time element is abstracted by
 taking x andy as amounts that come into the possession of the individual (to be disposed
 of by him) per unit of time.

 2 The " preference direction " of the individual (i.e. his most preferred direction of
 acquisition of the goods) is at right angles to the " indifference direction." Hence,

 R"=dy/dx along the preference direction. There is thus a second interpretation of R',
 the marginal rate of increase of y with respect to x for a change in the preference
 direction.
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 I934] A RECONSIDERATION OF THE THEORY OF VALUE I99

 we move along an indifference curve away from OY (or away
 from OX). The marginal rate of substitution of X for Y
 increases as we continue to substitute X for Y. This is the
 principle of increasing marginal rate of substitution.'

 There are three characteristics or indices of the individual's
 scale of preferences which are sufficient to describe the complete
 form of the scale or of the indifference curve system. All the
 indices are expressed in terms of first-order variations of Ry;
 they refer only to the scale of preferences itself and not to
 market conditions. It will be found, further, that the indices
 are sufficient for the description of the individual's reaction to
 market conditions.

 The first index refers to a single indifference curve only.
 The elasticity of substitution between X and Y is defined as

 d( ) dRY d(Y) dR-

 X RY ' "'Ry x dRx
 Y Y

 Y x

 taken along the indifference direction at (x,y). Hence:

 Ry X + RYyx

 Xy a RY-RYy Ry
 ay ax

 from the condition (2). The elasticity of substitution is inde-
 pendent of units and is symmetrical with respect to x andy. It
 is a measure of the curvature of the indifference curve at (x,y),
 varying in value from zero when the curve is in the form of a
 right angle at (x,y) to very large values when the curve is flat.

 The other two indices refer to the relation of one indifference
 curve to another and adjacent curve, and they can be called the
 coefficients of income-variation:

 P$ - Y aaRy and p, ==xy P y. x ~~~~x

 Both coefficients are expressed in " elasticity" form and are

 1 Of the three assumptions made here, the first is introduced simply for mathematical
 convenience, but, apart from this, there is no reason to assume away discontinuities in
 the indifference curve system. The other two assumptions are on a different footing,
 but they are not necessarily satisfied. They must certainly be relaxed when the
 individual possesses so much of one (or more) of the goods that he would pay to get
 rid of it. Further, it is not contended that they apply to a position on the preference
 scale where the individual finds himself below the " subsistence level." It is maintained,
 however, that the assumptions serve to describe all positions in which the individual is
 likely to find himself under market conditions.
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 independent of units. It follows from (2) that p, and p, cannot
 both be negative; they are both positive in the "normal " case
 and one is positive and the other negative in the" exceptional"
 case.

 3. The individual demandfunctions.-If the individual spends
 a given money income pt on the two goods X and Y at given
 uniform market prices p, andp,, then his equilibrium purchases
 are given by the following conditions for equilibrium:

 xp, + ypy = and -R ............(
 Pr P,

 In diagrammatic terms, the equations correspond to the fact that
 the purchases of the individual in equilibrium are represented
 by the co-ordinates of the point in XY space where the given
 price line (i.e. xp$+yp,=-j ) touches an indifference curve. The
 solution of the equations (3) gives x and y as functions of,/, p,
 and p,-the individual demand functions. By the assumption
 of increasing marginal rate of substitution (indifference curve
 system convex to the origin), a single equilibrium position
 exists for each set of,/, p. and p, and the demand functions are
 single-valued.1

 Let the proportions of total income spent on X and on Y be

 denoted byK: = xp- and c, =- YP (where Kc+Kiy-= I). From the

 equations (3) the values of the three indices of the scale of
 preferences in the equilibrium position are:

 a xy po _ )P. aRY ;
 Pv a p ay p, Ry -- pr- Ry

 -P a Ry

 The problem is to trace the variation of the equilibrium
 position and of the demand functions as income or prices vary.

 (a) Income-elasticities of demand.-Let u vary while p, and p,
 are kept fixed, and denote the income-elasticities of the demand
 functions by

 E,(x) = 8x and E,(y) - K . x 3/ y 3/~
 1 The relaxing of the third assumption made above leads to multiple positions of

 equilibrium and to multi-valued demand functions. The introduction of this complica-
 tion is not necessary unless, and until, the simpler theory, based on the third assumption,
 fails to describe the phenomena of the market.

 [MAY 200  ECONOMICA

This content downloaded from 
�����������148.252.140.80 on Mon, 24 Jun 2024 11:16:07 +00:00����������� 

All use subject to https://about.jstor.org/terms



 I934] A RECONSIDERATION OF THE THEORY OF VALUE 20I

 Differentiate (3) partially with respect to ,u:

 xpZ,, E,(x) + yp, Eju(y) -L1
 X a Ry Es,X + a Ry E,(y -- . ...... (4)- x-R~EX(x t() + yY_R Ez(y)=o

 The solution of the equations (4), making use of the equili-
 brium values of a, px and p11, appears quite easily in the form:

 ES, (X) a . p,, and El., (y)-cr . p,, ... ............... (5).
 From the first equation of (4), it follows at once that

 KocE,.,(X) + Kv Ez()

 and hence that KxP$ + KVpM--
 a

 It is not possible for both Eoi,(x) and E}J(y) to be negative: in
 the " normal " case both are positive and the demands for X
 and Y increase with increasing income. In the " exceptional "
 case, on the other hand, one income-elasticity is negative and
 the demand for this good decreases with increasing income.
 If the income-elasticity of demand for a good is negative, this
 good is said to be inferior to the other good.

 Notice that E,(x) is a positive multiple (a) of the second
 index of the individual's preference scale and that E,, (y) is the
 same multiple of the third index. The income-elasticities of
 demand can thus be used instead of these two indices.

 (b) Price-elasticities of demand.-Let p< vary while p and p,
 are kept fixed, and denote the p.l-elasticities of demand by

 P.,,a x __a E., (x) P t aXand EP,X(y) - y_ ap, y apr
 Differentiate (3) partially with respect to p$:

 xp,, E, (x) + yp, Evx,(y) = XP1
 a_ a Ry E pv . ...... (6). x -RYE, (x) +y y Y- R y) -

 So xE2,,(x) - yEvx(y)
 Ry R Pv xp4 Ry- pv Ryp R -p a Ky

 Hence Ep (x) - a P + - = Ki0E,(x) + (I - K.) a

 and E,,,(y) =- _p a (PV PV - PV) = KxEp (y) -Ka

 using the results (5) and the equilibrium values of a, px and p,,.
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 Similar results hold for the p,-elasticities of demand. Hence:

 E,o (x)) -KXEJ(X) + (I-Km) a
 E,$(y)= KjE,(y) - K. a(, EpV(X)= -K El(X) - a .................. (7)- E,(x) = KyEL(X)- K'a
 E,,,(y) = K,E1(y) + (I -K1) a

 Two relations exist between the four price-elasticities of
 demand given by (7). From the first equation of (6)

 K.E2,o(X) + K1EV(y) = K.
 Similarly KxEy,(X) + KVEV,(y) = KV.

 The conclusions that can be derived from the equations (7)
 are set out fully by Dr. Hicks.1 There is, however, one point
 that cannot be over-emphasised. The substitution term in
 E,,(x) and in E,(y) is always negative, and a fall in the price
 of one good causes a substitution of this good for the other.
 Hence, two goods must always be regarded as substitutes, or
 as " competitive," when they stand by themselves; comple-
 mentarity is a characteristic which does not appear until at
 least three goods are considered.2 Further, if the elasticity of
 substitution is a more important (i.e. numerically larger) quan-
 tity than the income-elasticities, then both the " cross " price-

 elasticities E,(y) and E,,(x) are negative, i.e. both y and x

 are positive. This is the traditional characteristic of substitute
 or " competitive " goods in a general sense. But, if the income-
 elasticities are at least as important in magnitude as the

 ay ax elasticity of substitution, then the derivatives n and
 ap, apv

 can be of either sign, and their signs need not agree.

 II. INDIVIDUAL-DEMAND IN THE CASE OF THREE OR MORE GOODS

 I. We turn now to the general case where any number of
 inter-related goods enter into the individual's budget. In order
 to simplify the mathematical analysis, only the case of three
 goods is considered in detail. It is a difficult step from the case
 of two goods to that of three goods, but no additional difficul-
 1 Hicks, ECONOMICA, February I934, pp. 65 et seq. This is the first part of the

 present joint article.
 2 The coefficient of K, or K,, in the second term of E,, (y) or Ep, (x) is what corre-

 sponds to the "elasticity of complementarity " in the general case considered in the
 following section. Here the coefficient is equal in magnitude but opposite in sign to
 the elasticity of substitution.

 [MAY 202  ECONOMICA
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 I934] A RECONSIDERATION OF THE THEORY OF VALUE 203

 ties or complications are encountered in the generalisation of
 the latter to the case of n goods.

 2. The individual's complex of preferences.-The fundamental
 postulate is that, for variations from any combination (x,y,z)
 of amounts of three goods, X, Y and Z, possessed by the
 individual, there exist certain definite " indifference directions"
 defined by the differential equation:

 dx + Rydy + Rxdz =o ............................ (8),
 where the increments dx, dy and dz can take any values that
 compensate for each other as far as the individual is concerned.
 The expression Ry = -dx/dy (z constant) is the marginal rate of
 substitution of X for Y, and Rx = -dx/dz (y constant) is the
 marginal rate of substitution of X for Z. Both Ry and Rx are
 functions of x, y and z, and together their values make up the
 individual's complex ofpreferences.1 Other marginal rates of sub-
 stitution exist but can be obtained from the two written above:

 R=I/RY; Rx IRX; Ry Rx. Rx; Ry = Ry. Rx _ /Ry'
 Three assumptions2 are made about the individual's complex

 of preferences:
 (i) Ry and Rz are continuous functions of x, y and z.
 (2) Ry and Rz are positive at all points (x,y,z).
 (3) For a variation in any indifference direction from any

 point, the expression dx + Rydy + Rzdz decreases:
 d(dx+Rydy+Rzdz) < o subject to dx+Rydy+Rzdz=o,

 I Ry and similar determinants are
 i.e. I aRxY aa Rx negative

 ax y~~~ I Ry Rz

 and ax - ay az is positive ............ (9).
 a z a z aR s x - x a Rx

 aX ay az
 1 The term "complex " of preferences is a better description of this idea in the

 general case than the term " scale " of preferences which suffices in the simpler two
 goods case. In the general case (without the integrability condition) it is not possible
 to " integrate " the preferences of an individual into anything like a complete and
 ordered scale. The " preference direction " (the most preferred direction) of the
 individual is still unique, and it is at right angles to each of the indifference directions.
 It is given by

 dx dy dz

 I Ry RZ

 Hence, Ry== dy/dx and Rx== dz/dx for a change in the preference direction.
 2 As before, the assumptions are not necessarily satisfied but serve to describe all

 situations in which the individual is likely to find himself under market conditions.
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 If the differential equation (8) is integrable (which is not
 always, or even usually, the case), then a complete indifference
 surface system exists in XYZ space. The first two assumptions
 imply that each indifference surface has a continuously variable
 tangent plane which is always downward sloping both in the
 OX direction and in the OY direction. The third assumption
 implies that the indifference surfaces are everywhere convex
 to 0. In particular, the second-order determinants with
 negative values in (9) give the principle of increasing marginal
 rate of substitution-the marginal rate of substitution of one
 good for another increases as we continue to substitute these
 goods, the third good remaining fixed in amount.

 The following notations are required:

 RY Rz x + Ryy + Rxz
 aa a a xyz R Rx

 ax ay az

 a R a Rz a R
 ax ay az

 The coefficient a is positive from the condition (9); it is
 independent of units and symmetrical with respect to x, y and z.
 Further, it denotes the mutual substitutability of the three goods
 and, if the indifference surface system exists, it measures the
 curvature of the surface passing through any point.

 Consider now one good, say X, apart from the other two.
 The elasticity of substitution between Y and Z is

 dz . dRzy divided by dR R; y y
 z

 where the differential can be taken along any one of the three
 perpendicular indifference directions at the point (x,y,z).
 There are thus three elasticities of substitution between Y and

 Z which we can denote by ,%a,,, ,^ and ,%,, according as
 it is taken along the YZ indifference direction (X constant),
 along the XZ indifference direction (Y constant), or along the
 XY indifference direction (Z constant). Evaluating:

 [MAY 204  ECONOMICA
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 I-934] A RECONSIDERATION OF THE THEORY OF VALUE 205

 - = __ .y Y Ryz which is positive,
 yz Rz

 ~j yy

 = and~~~cr.~~==

 z i,awR y s

 Rz a R Rz>Rz

 All these elasticities are independent of units. The first ,avz
 is symmetrical with respect to y and z and measures the ordi-
 nary elasticity of substitution between Y and Z (X being now
 fixed in amount). The other two elasticities are new and can
 be positive or negative; $zaz measures the elasticity of sub-
 stitution between Y and Z when the relation between these
 goods varies on account of a substitution of X for Z, Y remain-
 ing fixed in amount, and similarly for ,,a,%. There are three
 similar elasticities when Y is considered apart from XZ and
 three more when Z is considered apart from XY.

 3. The form of the individual's complex of preferences is
 described by twelve indices, all of which are expressed in
 terms of first-order variations of Ry and Rz. The indices refer
 only to the complex of preferences and not to market condi-
 tions. The twelve indices of the complex of preferences can be
 divided into three sets:

 (i) The elasticity of substitution between X and the pair YZ

 lz vZ

 and two similar elasticities and All three elastici-
 'zrxz xV

 ties are positive. In general terms, a is the mutual elasticity
 vzafuz

 of the triad X, Y and Z reduced by the elasticity of substitution
 of Y and Z between themselves. The elasticity can be large,
 therefore, if the triad is a highly substitutable one (a large) or
 if Y and Z themselves are hardly substitutable at all (v,=Uv,
 small).

 (2) The elasticity of complementarity of Y with X against Z

 a

 scz Olyz

This content downloaded from 
�����������148.252.140.80 on Mon, 24 Jun 2024 11:16:07 +00:00����������� 

All use subject to https://about.jstor.org/terms



 206 ECONOMICA [MAY

 and the elasticity of complementarity of Z with X against Y
 U

 cx1 aJ z

 In these elasticities a is again reduced by one of the elasticities
 of substitution between Y and Z-the new ones in this case.
 The signs of the elasticities of complementarity can be positive
 or negative, and these will be interpreted later in terms of the
 competitive and complementary nature of the relations between
 X, Y and Z. There are four other and similar elasticities of
 complementarity:

 ; ; ; ~and --
 XIZ ax $ Z laVZ $Va CZ

 (3) The coefficients of income-variation:

 )Z aRYZaRV nxXZ a D R Rz ay a Ry RR a y Ry
 ay _ az Ax ax az

 and Y Ry Ry

 a Rza Rz

 These coefficients are the co-factors (adjusted to be independ-
 ent of units) of the first row of the positive third-order
 determinant given in (9). It follows that they cannot be all
 negative; they are all positive in the " normal " case, and
 either one or two of them are negative in the " exceptional
 cases.

 The three indices of (i) and the six indices of (2) refer only
 to the indifference directions at the point (x,y,z), i.e. to a single
 indifference surface (if the system exists). The three indices of
 (3) refer to variations from one set of indifference directions to
 another and adjacent set, or from one indifference surface to
 another and adjacent surface.

 4. The individual demandfunctions.-If the individual spends
 a given money income Z on the three goods X, Y and Z at
 given uniform market prices px, py and pz, then his purchases
 in equilibrium are given by the conditions:

 XP$+7p +Zz-Kand _ Rx _ Rx IO
 xpx +ypv ni zpzrn su and-- ( exists, (io).

 If the indifference surface system exists, these equations
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 I 934] A RECONSIDERATION OF THE THEORY OF VALUE 207

 correspond to the diagrammatic condition that the individual's
 equilibrium purchases are the co-ordinates of the point in

 XYZ space where the given price plane (xp$ + yp, + zpz =
 touches an indifference surface. The equations (io) suffice to
 determine x, y and z as functions of ,u, p$,, p, and pz-the
 individual demandfunctions. These functions are single-valued
 since the assumption (g) implies that a unique equilibrium

 position exists for any set of ,u, p$, p, and pz.

 Let K$= X -,Kg Yv and Kz-Z denote the proportions

 oftotal income spent on X, Yand Z respectively(K$ +KV+Kz I).
 For convenience, denote

 D- P$ PV PZ
 Ry a Ry a Ry

 ax ay az
 a Rx" a Rz a Rx

 The values, in the equilibrium position, of the various elastici-
 ties and coefficients defined above are:

 (-K.) pZ

 a = I-b P-Pz I va = Y Py etc.
 Xy Z p 2 D ' v PV PZ

 a RZ a RZ

 (j-Kx PZ ILKx Pz

 xz _ __ _ _(II)
 vavz= 1 p YpP etc.

 PXP PZ Pz PVP

 Rz aR a,) Rz a R ~Y ay y -
 = yzp,2 D - XZ D.* - p. 1D

 where D1, Dv and Dz are the co-factors of the first row of D.
 The problem of the variation of the demand functions, as
 income or as prices vary, is treated by the method adopted in
 the two-goods case.

 (a) Income-elasticities of demand.-Denoting the three
 income-elasticities of demand by

 E,.(x)= P ax E,.(y)A - ay E..tz)-i a
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 ao8 ECONOMICA [MAY

 differentiate (io) partially with respect to ,u:

 xpU, E,(X) + ypv Erj(y) + zpz E,L(z) =

 aaa axRYEE, (x)+ Ry E+E(y)+z iRY EZA(z) =o 0
 X 8RzE,Z(X) + aRx EPi( + za Rx s()

 Solving the equations (I 2) in determinant form,
 xE_,(x) _ yE,p(y) zE,L(z)
 Do, Dv Dz D

 Substituting the values of the various expressions given by (i i),

 E, (x) a . p$; _u(y)- a * p#,; E,(z)u a . P ............... ( 3).
 From the first equation of (i 2) we have a relation between the

 income-elasticities and hence between p,, pu and pz:

 KOEI,(X) + Ky E,(y) + Kz E(z) - I

 KxP$ + KVPV + Kzpz = (4)1

 It follows that all three income-elasticities cannot be negative.
 In the " normal " case they are all positive and each demand
 increases with increasing income. In the " exceptional " cases
 one (or two) of the income-elasticities is negative and the
 demand for one (or two) of the goods decreases with increasing
 income. A good is said to be inferior if its demand decreases
 with increasing income, and it is possible, therefore, for one
 or two of a set of three goods to be inferior in this sense.

 Since the income-elasticities of demand are positive multiples
 of the third set of indices, they can be used instead of the latter
 to characterise the individual's complex of preferences.

 (b) Price-elasticities of demand. Denoting the pm-elasticities of
 demand by

 E., (x) = - ap; EDZ(y)= _ p a* Ez x ap, y~ apj ap;)
 differentiate (iO) partially with respect to pa,:

 xp, E...(x) + ypv E (y) + zp, E,,(z) = XpX

 x R EP(x) +- RX EPZ(Y) + z- Ryx E7(Z) = P (

 Xa Rt E,, (x) + yaa RX Efi.(y) + z Rz E(z) Px )
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 I934] A RECONSIDERATION OF THE THEORY OF VALUE

 Solving the equations (I 5) in determinant form:

 x E,,(x) y E,,(y) E,, (z)
 xp p, P , PZ , pP, XP
 PA RY aR aR pyaRy aRa Rpy pv
 p ay az ax p Z; ax ay p,
 Pz a R z Ra 9 T a D R 8 8 R
 p, ay az ax pz az ax ay p

 I

 =D

 Pp D + V {PX y z Pv az R p,p,p, (a a R a

 + { p 4paxRp x - pa- Ry}]

 -.e (E) * y p z- Pa [p ( P R ay
 using the expressions ( ) and making the transformation

 using the expressions (i i) and making the transformation
 R; = Rz.Ry together with the equilibrium equations (Io).
 Hence, from (I ) and (13),

 E0(X) = KE/(X) + (I - K) a -
 yz vz

 By an exactly similar procedure, we obtain

 E (y) = KXE(y) + K$ o and E$(Z) = KE(Z) + K, -a .
 x$zayz $Vyz

 Similar sets of results can be obtained for the pv-elasticities and
 for the ps-elasticities of demand. Hence:

 E (X) - KXE(X) + (I - K$)

 E (y)= E K$E(y)± + K$
 ws ovi

 E,=(z) = KE,(Z) + Kx
 Cr

 xy oyz

 and two similar sets of three equal

 o'

 ...............(I 6).

 tions

 Each price-elasticity of demand thus consists of two terms, the
 first term being a multiple of the third set of indices of the
 complex of preferences (the coefficients of income-variation)
 and the second term being a multiple of the first and second set
 of indices (the elasticities of substitution and complementarity).

 One relation can be found between each of the three sets of
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 2IO ECONOMICA [MAY

 price-elasticities of demand. From the first equation of (i5),

 KXE22 (X) + Ky1EV, (y) + KZE,X (Z) =Kw
 and two similar relations

 Hence, (I- K) __+ K__ +Kz =(7). vz avz xz avz xvvz I

 and two similar relations

 The three relations of the type (I 7) between the indices of
 the first and second sets imply, amongst other things, that the
 elasticities of substitution can be obtained in terms of the

 elasticities of complementarity. Further, since ff > o,
 21Z02/Z

 both f and f cannot be positive. There are, there-
 $Z (7wVZ $2 l X

 fore, only two possibilities. Either both elasticities of comple-
 mentarity of Y and Z with X are negative or one elasticity is
 negative and the other positive.

 5. A number of important conclusions can be derived from
 the results (i 6).1 The increases and decreases in the various
 demands that follow a change in any one price are made up of
 two separate changes, the first due to the change in real income
 and the second to the substitutions made possible by the change
 in the relative prices.

 The effect of a change in the price of a good on the demand
 for the same good is clear. The change is measured by an

 elasticity of the form E,fx(x) and this is positive in almost all
 cases. The demand for a good is thus increased by a fall in its
 price. It is possible, however, that this result is reversed in

 very exceptional cases. A price-elasticity of the form Evx(x)
 can be negative and the demand for a good can increase with a
 rise in its price, provided that the income-elasticity of demand
 for the good is negative and large relative to the substitution
 effect. Hence, the demand curve for a good X can be rising,
 in the Giffen-Marshall sense, provided that X is an inferior
 good and that a large proportion of total income is spent on X
 for which no ready substitutes are available.

 The effect of a change in the price of a good on the demands
 for other goods is more involved, and it is here that we must
 look for observable evidence of the " competitive " or " com-
 plementary " nature of the relations between the three goods.

 1 For a complete account of these conclusions, see the first part of this article by Dr.
 Hicks, ECONOMICA, February I934, p. 67 and pp. 69 et seq.
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 I 934] A RECONSIDERATION OF THE THEORY OF VALUE 2 I I

 Consider the three-way substitution made possible by the
 relative price changes apart from the effect of the change in the
 level of real income. The second terms of the results (i6)
 indicate this substitution effect. The effect of substitution
 following a fall in the price of X is to increase or decrease the
 demand for Y according as the elasticity of complementarity
 of Y with X against Z is positive or negative. A4 negative
 elasticity of complementarity implies that Y competes with X against
 Z and a positive elasticity that Y complements X against Z. The
 signs of the elasticities of complementarity determine the
 competitive and complementary nature of the relations between
 the three goods and their magnitudes indicate the extent of
 the relations.' Since both elasticities of complementarity of Y
 and Z with X cannot be positive, it is impossible that both Y
 and Z complement X. There must be an element of competition
 between one good and the other pair. In conclusion, it is
 important to notice that these competitive and complementary
 relations depend only on the indices of the individual's complex
 of preferences, and not on market prices or conditions.

 III. THE INTEGRABILITY CASE

 i. The development of the previous section was perfectly
 general and, in particular, it was independent of the existence
 of an integral of the fundamental differential equation (8). The
 results to be set out in the present section, on the other hand,
 hold only in cases where the equation (8) is integrable.

 The mathematical condition for integrability imposes a
 restriction on the form of RI and Rx.2 Assuming that the
 condition is satisfied, there exists a func.tion index of utility

 u - F{(x,y,z)}

 where O(x,y,z) is any one integral of (8) and F denotes the
 arbitrary function involved in the general integral. Writing

 the partial derivatives of O(x,y,z) by 0r,, 0, and 0b, we have

 Ry= v and Rz=

 1 In the complementary case the demands for both X and Y increase at the expense
 of the demand for Z (apart from the effect of the change in real income). This is why
 only competitive goods are possible in the two-goods case; there is no third good to
 absorb the loss that must occur in substitution.

 caa - a a a y o 2Tecondition is-R Rz, -+ Ry RzZ - - R 0.
 azX X ax X ax
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 212 ECONOMICA [MAY

 The analysis can now be expressed in terms of the function
 b (x,y,z) and its partial derivatives of the first and second orders,
 remembering that only the ratios of /$, + and 0b are definite.
 All the results given below, however, can be shown to involve
 only these ratios or the derivatives of the ratios, and not the
 functions themselves.

 2. Simpikfication of the competitive and complementary relations.
 -In the integrability case the values of the six elasticities of
 complementarity are

 a _ X s+ Ay+ + zoz (15y a
 _za_+z XY X+ k auo_z
 azI -x + yoy + zoz z a
 ccii%z ce 0 zuxi U - X Y+Z bZ xz

 a X00 yo xzo 1 r
 where- 0 stands for the negative and symmetrical determinant

 kcx1 k1I1 fruz oxy OXIY Og IYl IZ +Xy
 xzZ OIZ oZZ oZ
 ox~ sb1 Sz 0

 and OX.) O, and IPx, are the co-factors of fxv, fvz and xz1 in
 the determinant.

 Symmetry is, therefore, introduced into the relations between
 the three goods when the integrability condition is satisfied.
 For the relation between any pair of goods X and Y (with
 respect to the third good Z), the elasticity of complementarity
 of Y with X against Z is equal to the elasticity of complemen-
 tarity of X with Y against Z. It is now possible to speak of the
 elasticity of complementarity of the pair XY (against Z):

 a a

 xv =
 $2 or. V. orw

 and there are only three of these elasticities, ao,,, au,, and a,Z,
 instead of the full set of six.' The signs of or,, auz and a,,,,
 determine the competitive and complementary relations of the

 whole set of three goods. If a, is negative X and Y are com-
 petitive, if positive X and Y are complementary (with respect
 to Z in each case). Similar criteria apply to the relation
 between the other pairs.

 I The integrability condition is clearly sufficient for this symmetry; it also appears
 to be a necessary condition.
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 I934] A RECONSIDERATION OF THE THEORY OF VALUE

 The equations (I7) now take the form:

 ( KI - K ) + + KzCxz = 0.
 tz a°z

 and two similar relations

 Hence, at least two of ory, ay,, and ~z are negative, and it is not
 possible for more than one pair of the three goods to be com-
 plementary. Further, the equations can be solved either to give
 the elasticities of substitution of the goods in pairs (,zro, o,z,
 and rx,,) in terms of the elasticities of complementarity of the
 goods in pairs (orx, or, and or,), or conversely. The latter is the
 more interesting solution. We obtain:

 rx= _ 2 a { K + K) - - - - ...(I8).
 o cVyc Kx Ky yz yz Ky xzKz 0 K )

 and two similar expressions
 Hence, the goods X and Y can only be markedly comple-

 mentary if the term -I + K) is large compared with the

 other two terms of the expression ( 8), i.e. if the elasticity of
 substitution of the pair XY is small compared with the two
 similar elasticities, or if Kz is large compared with Kx and Kv, or
 both. The results stated by Dr. Hicks on this point follow at
 once.1

 Consider, finally, the two actual variations in demand:

 ax - XY {E,(x) + or} and ap _ xy {Eyt) + or}.
 a% 1 ap;- E

 Both ax and ay are independent of units and can be com-
 aPv apz

 pared directly. The two variations are equal only if E,t(x)=
 E,t(y), i.e. if an increase in income has the same proportional
 effect on the demands for the two goods. This may approxi-
 mate to the actual state of affairs in many cases, but it is
 certainly not exactly true in general. Further, the two
 variations are in the same direction (without necessarily being
 of equal magnitude) either if both income-elasticities are small
 or if they are large but differ by a small amount.2 It is, how-

 1 Hicks, ECONOMICA, February 1934, p. 73.
 2 It is worth while distinguishing the two alternatives. It is only in the first alterna-

 tive, where E,(x) and EJ(y) are small, that we can say that the common sign of ax

 and -' is determined by the sign of ay,. In this case the two variations are positive if
 apx

 G
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 ECONOMICA

 ever, quite possible that and a are different, not only in

 magnitude, but also in sign. The symmetry of the system does
 not necessarily extend to these two changes in demand.

 3. The case of independent goods.-The three goods form an
 independent system if the marginal rate of substitution of one
 good for another depends only on the amounts possessed by
 the individual of these two goods, i.e. if Ry is a function of x
 and y, R' a function of y and z and Rx a function of x and z.
 It follows at once that each marginal rate of substitution can be
 expressed as a product of two functions of a single variable, and
 that we can write:

 I _ Ry Rx

 (x) (y) z (z)
 The differential equation (8) is

 + (x)dx+ ,(y)dy+ (z)dz=o
 and this is always integrable. The function index of utility is

 u = F{> (x) + +(y) + >z(z)}
 the general integral of the equation, where

 )(x)-= Sfx(x)dx; OY (y) = -f(y)dy; z5(z) = Sfz(z)dz.
 The utility index is, in all its forms, a function of the sum of
 three functions of a single variable, and the goods X, Y and Z
 make independent contributions to the utility index. The case
 of independent goods is thus at least mathematically significant.

 It is only in the independent goods case that we can derive
 anything corresponding to the marginal utility functions and
 curves of the traditional analysis. The marginal rate of substitu-
 tion of Y for X is R-= (x) : , (y), and this is a constant times
 ((x) when only x varies. The same is true of the marginal rate
 of substitution of Z for X. There is, therefore, a single-
 variable function Ox(x) which represents the marginal rate of
 substitution of any good for X for various amounts of X. It is
 only necessary to multiply the function by a constant depending
 on which good is substituted for X and on the (fixed) amount
 of this good possessed by the individual.

 Let Ea,()) = x~ -0 represent the elasticity of the function X0 dx
 X and Y are competitive and negative if X and Y are complementary. In the second
 alternative, though the variations are in the same direction, the direction does not
 necessarily correspond to the competitive or complementary relation between the pair
 of goods XY.

 [MAY 214
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 I934] A RECONSIDERATION OF THE THEORY OF VALUE

 +$(x), i.e. the elasticity of the marginal rate of substitution of
 any good for X taken for variations in the amount possessed of
 X. In the same way we can obtain two other elasticities,
 E,%(b) and Ez(<Q). Each of these three elasticities is perfectly
 definite, being independent of units, of which good is sub-
 stituted for the one named and of the amount of the substituted

 good that happens to be possessed. The elasticities correspond
 to the elasticities of the marginal utility functions or curves of
 Pareto's theory of value. If the signs of all E E(+), Ey(f,) and
 E,£(O) are negative we have the case of " decreasing marginal
 utility " in Pareto's sense. It is, however, not necessary that
 this case should obtain for all sets of independent goods.

 In the case of independent goods the following equilibrium
 values of the fundamental coefficients are obtained:

 I I I - K etc.;

 a= E E E X; zvz EE E K etc.; EEE Kv EE K- K
 Ex

 xzav zz- E- etc.; p, = EE,z etc.,

 where K= - + -K + K- and E, stands for E(0)),fand
 so on.

 The equilibrium values of the twelve indices of the indi-
 vidual's complex of preferences are:

 (I) the elasticities of substitution are
 rz -- I -- I ' I K E I

 -=-vz I-Kx EX Ex
 and two similar expressions, all being positive

 (2) the elasticities of complementarity are
 I I

 aV = E K a
 and two similar expressions

 (3) the coefficients of income-variation are
 Px = -E Ez; p, =- E.Ez and p- = ExE,,

 and so E,,(x) = vE,E, ; E,,(y) = =EE,, and E,(z)= a,E,E,.
 The indices are all determined by the three elasticities E,,

 E. and E,. There must, therefore, be a number of relations
 between them. As in the general integrability case the
 elasticities of substitution can be expressed in terms of the

 2 I 5
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 2 I6 ECONOMICA FMAY

 elasticities of complementarity, or conversely, by means of
 equations (i 8). In the independent goods case, however, there
 is a further set of relations between the indices. The co-
 efficients of income-variation, and hence the income-elasticities
 of demand, can be expressed in terms of the elasticities of
 complementarity also. We have:

 ,,X -Ovoxz .r E or _ $gZn E I ; E,~(y)= and E,L(z)= - ...IJZ a oa

 As in the integrability case at least two of oxy) a,lz and aZz
 mnust be negative. Since a, oEz, oz = , and aocz aE1,
 (v being positive), at least two of E$, E, and E,n must also be
 negative. There are thus only two possibilities; either all Ex,
 Ey and Ez are negative, or one of them is positive and the other
 twro negative.
 (i) V/hen E,,, E?, and Ez are all negative we have the case

 of" decreasing marginal utility." From the expressions above
 lJL lthe elasticities of substitution are positive, all the elasticities
 of complementarity are negative, and all the coefficients of
 income-variation are positive. It follows that all the income-
 elasticities of demand are positive. Further, from the results

 (i6), E_,,,(x), E. (y) and E,,,(z), i.e. the demand elasticities with
 respect to the price of the good concerned, are also all positive.
 The three goods compete with each other in pairs and there is
 no possibility of " exceptional " behaviour of any kind.

 (2) When E$ is positive and Ey and E,z are negative we
 have the case where one good has " increasing marginal
 utility." Since a must be positive there is one restriction in
 this case:

 K/c KgC Kz

 E,, >-E, + E
 The elasticity of complementarity of the pair YZ is now
 positive, and the other two elasticities are negative. Of the
 income-elasticities of demand only E,,(x) is positive and the
 other two are negative. In this case both Y and Z are inferior
 to X, and they complement each other while competing
 separately with X. The p,,-elasticities of demand are all
 definite in sign from (i 6), E1,,,(x) being positive and the other
 two negative. A fall in the price of the superior good X
 increases the demand for the good at the expense of a decrease
 in the demand for each of the inferior goods. The other price-
 elasticities can be of either sign and, in particular, rising
 demand curves for Y and Z are possible.
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 I934] A RECONSIDERATION OF THE THEORY OF VALUE

 The independent goods case includes a case of perfectly
 " normal" relationship between X, Y and Z. But it also
 includes a case where a pair of goods is inferior to, and comple-
 ment each other against, the third good. It is, therefore, not
 sufficient to take the goods as an independent set if it is desired
 to give a simple analytical treatment (as a first approximation)
 of the case of three goods " normally " related. One additional
 condition is necessary for this, the condition that the elasticities
 of the marginal rates of substitution are all negative.1

 To return to the case of two goods for a moment, the only
 definition of two independent goods that can be given is that
 the marginal rate of substitution divides into two functions of a

 single variable: RY = l(Y) There are again two possibilities.

 Either E(O,) and E,(y,) are both negative, in which case the
 income-elasticities of demand are both positive. Or E,(q)
 and Ey(, ) are of opposite signs, in which case the income-
 elasticities of demand are also of opposite signs. But these two
 possibilities cover all the cases that can arise when there are
 only two goods. The case of two independent goods is thus
 no more restricted (in general terms) than the complete case,
 and any relationship between two goods can be represented,
 at least approximately for small variations, by the independent
 relationship. The two-goods case can be treated perfectly well
 by assuming independence from the beginning.2 This is not

 1 Only one condition is required here since two of the three elasticities are negative
 in any case.

 2 See Hicks, ECONOMICA, February I934, pp. 75-6. In the case of two independent
 goods X and Y, the two fundamental elasticities are E,(Ox) and E,(,,). The former is
 the elasticity (X variable) of the marginal rate of substitution of Y for X, or (broadly)
 the elasticity of the marginal utility of X. The other elasticity is similarly interpreted.
 All demand elasticities are expressed in terms of E5 and E ; in particular

 E/5(x) =- E,, and E,(y) = - E,,

 where a -= - E,¢E KX iy , the elasticity of substitution between X and Y.
 Ex E,y

 These remarks throw some light upon the meaning of Professor Frisch's " money
 flexibility" (Nenw Methods of Measuring Marginal Utility, 1932). Professor Frisch, in
 effect, takes X as one particular commodity (say sugar) and Y as the group of all other
 commodities. Then E, is the elasticity of the marginal rate of substitution of sugar for
 all other commodities when the expenditure on the latter varies. This is the elasticity
 of the marginal utility of all other commodities, i.e. of money income. Hence, Professor
 Frisch's money flexibility is Ey. It follows, for example, that income-elasticity of
 demand for sugar is the product of the elasticity of substitution between sugar and all
 other commodities and the numerical value of money flexibility. The question arises
 whether the value of E, is independent of the choice of X. If this is the case, as Professor

 2 I 7
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 2 I 8 ECONOMICA [MAY

 true in the case of more than two goods, and here the case of
 independence is definitely more restricted than the general case
 (even if integrability is assumed), and must be treated as such.

 4. Notes on the " degrees of freedom " of the system.-Three
 cases of the relationship between three or more goods have
 been considered:

 (a) The general case.
 (b) The case where the integrability condition is satisfied

 and a utility function index exists.
 (c) The case of independent goods.

 It is proposed to add a number of concluding remarks on the
 way in which the number of " degrees of freedom" of the
 system is decreased as we proceed from the general to the more
 particular cases. The meaning of the term " degrees of free-
 dom " will be apparent from the nature of these remarks.

 (a) In the general case it is found that three relations (I 7)
 exist between the elasticities of substitution and of comple-
 mentarity and one relation (I4) between the coefficients of
 income-variation. The restrictions (g) are only inequalities
 and do not affect the independence of the indices. There are
 thus eigh7t independent indices of the individual's complex of
 preferences and these can be taken as the six elasticities of
 complementarity and two of the coefficients of income-
 variation.

 The variation of individual demand for changes in income
 or in the market prices is described by twelve income and price-
 elasticities of demand. By the relations (I 4) and (I 7) one
 income-elasticity and three price-elasticities depend on the
 others. There are thus eight independent elasticities of demand
 and the eight independent indices account for these. The
 general case, therefore, has eight degrees of freedom.

 (b) The integrability case introduces symmetry into the
 system. The six elasticities of complementarity are reduced to
 three, and there are now only five independent indices of the
 individual's complex of preferences. These can be taken, for
 example, as the three elasticities of complementarity and two
 coefficients of income-variation. There is a reduction of three
 in the number of degrees of freedom in the system. On the
 demand side this must be paralleled by three relations between
 the eight independent elasticities of demand. These relations

 Frisch claims, the income-elasticity of demand for any commodity is a constant
 multiple of the elasticity of substitution between this and all other commodities.
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 I934] A RECONSIDERATION OF THE THEORY OF VALUE 2 I9

 are provided by the symmetry of the system and are, from the
 equations (i 6),

 I E.(y) - E,(x)- E,(y) - Es,(x)

 and two similar relations. As we found, these relations provide

 a means of comparing E,(y) and E,,(x), and so on.
 The fact that there are five degrees of freedom in the system

 is also shown by the number of second-order derivatives of
 /(x,y,z). There are six of these derivatives and one is not
 independent since the integrability condition must be satisfied.
 The remaining five are independent and describe the system.

 (c) The further particular case of a set of three independent
 goods introduces two further restrictions. From the equations
 (i 9), it follows that the two independent coefficients of income-
 variation are expressible in terms a.,, a,, and u,Z, and are no
 longer independent. There are now only three independent
 indices of the individual's complex of preferences. These can be

 taken as ax.), Uz and aZI Alternatively, since all indices can be
 expressed in terms of the definite elasticities E4(Ox), E/b11)
 and Ez(cz), these can be taken to represent the three inde-
 pendent indices. There are thus three degrees of freedom in
 the system.

 On the demand side, in addition to the relations of
 the integrability case, there are two relations connecting
 the income-elasticities and the price-elasticities. Hence, of the
 elasticities of demand, only three are independent (e.g. the
 pM-elasticities), and these are accounted for by the three
 independent indices. This is checked by the fact that there are
 only three non-zero second-order derivatives of the function

 O(X,Y,Z)= - (X) + IP,(y) + PZ (Z).
 Finally, the independent goods case with one additional

 condition can be used to describe a case of three goods related
 in a perfectly " normal " way. Since the additional condition
 takes the form of an inequality there is no further reduction in
 the number of degrees of freedom. The case of independent
 goods " normally " related is still described by three inde-
 pendent indices and still displays three degrees of freedom.
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