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A Reconsideration of the Theory of
Value

By J. R. Hicks and R. G. D. ALLex

Part II.—A Mathematical Theory of Individual
Demand Functions
By R. G. D. ALLen

THE established definition of the way in which a pair of goods
can be related in an individual’s scale of preferences is due, in
its precise form, to Edgeworth and Pareto. The definition
assumes the existence of a utility function giving the utility to
the individual of any combination of the set of consumers’
goods, X,Y,Z, ...... , which enter into the individual’s budget.
Denoting the function by #=¢(%,5z, ...... ), the Edgeworth-
Pareto definition of the relation between any pair of goods,

X and Y, depends on the sign of % . The goods are

.. . ou . ..
complementary or competitive accordlng as é}}é} 1s positive or

negative. If the individual possesses an increased amount of
one good, the marginal utility of the other good increases in
the complementary case and decreases in the competitive case.

This definition ignores one fundamental fact. Even if the
utility function exists at all, it is by no means unique and it
can serve only as an index, and not as a measure, of individual
utility. Pareto himself established this fact, but failed to
deduce the logical corollary that the derivative g;—;; is also
indeterminate both in sign and in magnitude. To prove this
corollary we proceed as follows. The utility function index is
the integral of the “ indifference ™ differential equation:

o dr+b,dy+d,dz+...... =0,
where ¢,y dyy byy covees are the marginal utility functions,
determinate only as to their ratios. If =¢(x,3,2,...... ) is one
196
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1934] A RECONSIDERATION OF THE THEORY OF VALUE 197

form of the integral, and if ¢,, ¢, ¢, ...... are arranged to be
the partial derivatives of this function, then the general utility
function index is :
u=F {$(*52...... )}
where F is an arbitrary function with a positive derivative.
The partial derivatives of the function index are
0

ou v . au_ I . OU__ .
§N=F (¢)¢za @“F (‘}{’)d’vv a“z—F (¢)'¢z» °°°°°°

The signs of these derivatives are the signs of ¢,, ¢, ¢, ......
respectively and their ratios are determinate (as required). On
the other hand, the sign of the second-order derivative
2

A ORME L O RS
cannot be taken as determinate and it depends entirely on the
form adopted for the arbitrary function.? The above definition
of complementary and competitive goods is thus indefinite;
for a given combination (%,%,2,...... ), the same pair of goods
can be sometimes complementary and sometimes competitive
according to the form taken for the utility function index. The
Edgeworth-Pareto definition is not adequate for the distinction
of relations between a pair of goods and it must be rejected in
any precise theory of individual choice. The development
which follows will decide, amongst other things, what can be
put in its place.

I. INDIVIDUAL DEMAND IN THE CASE OF TWO GOODS

1. In the present section we shall consider the case where only
two goods, X and Y, enter into the budget ofa given individual.
The case can be interpreted in two ways. Either all goods other
than the pair XY are possessed by the individual in known
amounts, and he considers his expenditure on X and Y inde-
pendently, o7 the pair XY represent two broad classes of goods
(e.g. food and other items) which together make up the indi-
vidual’s complete budget. In either case, it is seen that the
theory of demand for two goods is subject to severe limitations
in possible applications.

t The positive derivative is only necessary to ensure that # is a genuine index of
utility in the sense that all its forms increase or decrease together.

. .. 0%, Ce . .
2 The only case in which Sway definite in sign is when ecither ¢, or ¢, is zero,
x

ie. when the marginal utility ratio ,: ¢, is zero or infinite and the individual is
“saturated ” with one of the goods. This possibility does not concern us in our
consideration of the individual under market conditions.

F
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198 ECONOMICA [May

2. The individual's scale of preferences—The individual
possesses the combination (x,y) of amounts of the two goods
X and Y.* The fundamental postulate of the theory is that

there exists a unique * indifference direction " for variations

from the combination (x,y) defined by a differential equation:
dx+ Ridy=0..cccovviiiiiiiiiiinnnnn (1),

The equation expresses a relation between increments dx and
dy (one positive and one negative) which just compensate each
other as far as the individual is concerned. The expression
Ri=~dx|dyis the (limiting) ratio of compensating increments in
x and y,* L.e. R} is the marginal rate of substitution of X for Y. As
the combination (x,y) varies, so does the individual’s indifference
direction and the value of R}. In fact, R} is a function of «
and y, and its values for various combinations (x,y) describes
the scale of preferences of the individual. Only the function R}
is needed, since the marginal rate of substitution of Y for X is
Ry=1/R..

Three assumptions are made about the scale of preferences:

(1) R} is a continuous function of » and y.

(2) R is positive at all points (x,7).

(3) For the variation of the indifference direction from
any point, the expression dx-+ R’dy always decreases:
d(dx+ Ridy)<o  subject to  dx+ Ridy=o,

I Ri a

r 2 Ry|=a_y Ry ' RI<0 ......(2)
)

1.e.

Iax

The differential equation (1) is always integrable, and from
it is obtained a system of indifference curves in the O XY plane.
The tangent to the indifference curve at any point has gradient
(—R}) referred to OY, or gradient (—Rj) referred to OX. The
first two assumptions imply that each indifference curve has a
continuously variable tangent which is always downward
sloping. The third assumption implies that the indifference
curves are everywhere convex to O. The numerical value of
the tangent gradient referred to OY (or to OX) increases as

1 The problem is a completely static one and the time element is abstracted by
taking « and y as amounts that come into the possession of the individual (to be disposed
of by him) per unit of time.

2 The * preference direction > of the individual (i.e. his most preferred direction of
acquisition of the goods) is at right angles to the * indifference direction.” Hence,
R¥=dy/dx along the preference direction. There is thus a second interpretation of R3,

the marginal rate of increase of y with respect to & for a change in the preference
direction.
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1934] A RECONSIDERATION OF THE THEORY OF VALUE 199

we move along an indifference curve away from OY (or away
from OX). The marginal rate of substitution of X for Y
increases as we continue to substitute X for Y. This is zke
principle of increasing marginal rate of substitution.

There are three characteristics or indices of the individual’s
scale of preferences which are sufficient to describe the complete
form of the scale or of the indifference curve system. All the
indices are expressed in terms of first-order variations of R;
they refer only to the scale of preferences itself and not to
market conditions. It will be found, further, that the indices
are sufficient for the description of the individual’s reaction to
market conditions.

The first index refers to a single indifference curve only.
The. elasticity of substitution between X and Y is defined as

(%) «(2) ,
_\y are  __\x ar,
o= / & Bl / R

y x
taken along the indifference direction at (x,5). Hence:
Y Y
¢g=— % * Rx'y > 0
xy 2 R _ RY 2 R
ay x X a X

from the condition (2). The elasticity of substitution is inde-
pendent of units and is symmetrical with respect to » and y. It
1s a measure of the curvature of the indifference curve at (x,),
varying in value from zero when the curve is in the form of a
right angle at (x,y) to very large values when the curve is flat.

The other two indices refer to the relation of one indifference
curve to another and adjacent curve, and they can be called the
coefficients of income-variation:

—_ 202 p _ X0
Pa =5 R, and p, = 7 o R

3

Both coefficients are expressed in elasticity ” form and are

1 Of the three assumptions made here, the first is introduced simply for mathematical
convenience, but, apart from this, there is no reason to assume away discontinuities in
the indifference curve system. The other two assumptions are on a different footing,
but they are not mecessarily satisfied. They must certainly be relaxed when the
individual possesses so much of one (or more) of the goods that he would pay to get
rid of it. Further, it is not contended that they apply to a position on the preference
scale where the individual finds himself below the ‘* subsistence level.”” It is maintained,
however, that the assumptions serve to describe all positions in which the individual is
likely to find himself under market conditions.
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200 ECONOMICA [MaY

independent of units. It follows from (2) that p, and p, cannot
both be negative; they are both positive in the “ normal ” case
and one is positive and the other negative in the *‘ exceptional ”’
case.
3. The individual demand functions.—If the individual spends
a given money income p on the two goods X and Y at given
uniform market prices p, and p,, then his equilibrium purchases
are given by the following conditions for equilibrium:
I R
%P + ypy =p and — =2 ... (3).
p @ P v

In diagrammatic terms, the equations correspond to the fact that
the purchases of the individual in equilibrium are represented
by the co-ordinates of the point in XY space where the given
price line (i.e. xp,+ yp,=u) touches an indifference curve. The
solution of the equations (3) gives x and y as functions of u, p,
and p,—the individual demand funciions. By the assumption
of increasing marginal rate of substitution (indifference curve
system convex to the origin), a single equilibrium position
exists for each set of u, p, and p,, and the demand functions are
single-valued.!

Let the proportions of total income spent on X and on Y be

denoted by «, = “P= and Ky = 2Py (where k,+x,=1). From the
Iz p

equations (3) the values of the three indices of the scale of
preferences in the equilibrium position are:

L 27
g = — axy p‘”a 5 sz—‘l& aa_Rz;
PeiR:— pyn= R P Y
“oy Yox
_ P 0 p
Py py ax xe

The problem is to trace the variation of the equilibrium
position and of the demand functions as income or prices vary.

(a) Income-elasticities of demand.—Let . vary while p, and p,
are kept fixed, and denote the income-elasticities of the demand
functions by

ox w 0 'y
E, ()= 222 and E =L 2,
,u( ) x a‘u /-L(.y ) y P w
1 The relaxing of the third assumption made above leads to multiple positions of
equilibrium and to multi-valued demand functions. The introduction of this complica-
tion is not necessary unless, and until, the simpler theory, based on the third assumption,
fails to describe the phenomena of the market.
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1934] A RECONSIDERATION OF THE THEORY OF VALUE 201

Differentiate (3) partially with respect to u:
aE W)+ o E) =w

Y Y —
X R, E,(x) + ya—y RIE(y)=o0

The solution of the equations (4), making use of the equili-
brium values of @, p, and p,, appears quite easily in the form:

E,(x)=0.p, and E,(9)=0.p, .eevvrerrrrnennnn. (5)-
From the first equation of (4), it follows at once that

i Eu(%) + 1, Eu(y) = 1.
and hence that «,p, + x,p, = .
(o3

It is not possible for both E,(x) and E,(y) to be negative: in
the ““ normal " case both are positive and the demands for X
and Y increase with increasing income. In the * exceptional ”
case, on the other hand, one income-elasticity is negative and
the demand for this good decreases with increasing income.
If the income-elasticity of demand for a good is negative, this
good is said to be inferior to the other good.

Notice that E,(x) is a positive multiple (o) of the second
index of the individual’s preference scale and that E, () is the
same multiple of the third index. The income-elasticities of
demand can thus be used instead of these two indices.

(8) Price-elasticities of demand.—Let p, vary while u and p,
are kept fixed, and denote the p, -elasticities of demand by

= — \&” aﬁx‘ P ] a}’
En)=— L X and B () = — 22 2
DiEerentiate (3) partially with respect to p,:
a Ep®) 2 Be0) = xpw} ©
Ry E.(x 4y’ RE, _ Py e
o)t 0 =2
So xEm(x) — .yEm(y) — I

_

z

xpw%Ri P Ri—p, Ry - Dy R

Hence E,  (x) =

(xpy,, . ) - K,Ey(x) +(1—k)e

and Em:(.y) = ;;i‘ 4 (pvpu - Pu) = KwEM(.y) — K0,

v

using the results (§) and the equilibrium values of o, p, and p,.
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202 ECONOMICA [MaY

Similar results hold for the p,-elasticities of demand. Hence:

Ep(6) = ko Ey(6) + (1—r,)

E(9) = kaEu(9) — Ko @ (7)
P = B — g [ .

E,,(y) = xyEu(y) + (1—x,) 0

Two relations exist between the four price-elasticities of
demand given by (7). From the first equation of (6)

Ka:Em(x) =+ KvEm(y) = Kg-.
Similarly o Lny(®) + 1, Ep(9) = K,

The concluswns that can be derived from the equations (7)
are set out fully by Dr. Hicks.? There is, however, one point
that cannot be over-emphasised. The substitution term in
E,,(x)and in E, ,(y) is always negative, and a fall in the price
of one good causes a substitution of this good for the other.
Hence, two goods must always be regarded as substitutes, or
as ‘‘ competitive,” when they stand by themselves; comple-
mentarity is a characteristic which does not appear until at
least three goods are considered.? Further, if the elasticity of
substitution is a more important (i.e. numerlcally larger) quan-
tity than the income-elasticities, then both the ““ cross ™ price-

elasticities £,,(y) and E,,(x) are negative, i.e. both aa—y and ——

& v
are pos1t1ve This is the traditional characteristic of substitute
or ““ competitive ” goods in a general sense. But, if the income-
elasticities are at least as important in magnltude as the

elasticity of substitution, then the derivatives 9 and %

op. v

&z
can be of either sign, and their signs need not agree.

1I. INDIVIDUAL -DEMAND IN THE CASE OF THREE OR MORE GOODS

1. We turn now to the general case where any number of
inter-related goods enter into the individual’s budget. In order
to simplify the mathematical analysis, only the case of three
goods 1s considered in detail. It is a difficult step from the case
of two goods to that of three goods, but no additional difficul-

1 Hicks, EcoNoMICA, February 1934, pp. 65 et seq. 'This is the first part of the
present joint article.

2 The coefficient of &, or «, in the second term of E,, () or E,, (¥) is what corre-
sponds to the “elasticity of complementarity * in the general case considered in the
following section. Here the coefficient is equal in magnitude but opposite in sign to
the elasticity of substitution.
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1934] A RECONSIDERATION OF THE THEORY OF VALUE 203

ties or complications are encountered in the generalisation of
the latter to the case of # goods.

2. The individual’s complex of preferences—The fundamental
postulate is that, for variations from any combination (#,,%)
of amounts of three goods, X, Y and Z, possessed by the
individual, there exist certain definite * indifference directions”’
defined by the differential equation:

dx+ Ridy + Ridz = 0 cevvvviviiiniiiiiinnnninnnn(8),

where the increments dx, dy and dz can take any values that
compensate for each other as far as the individual is concerned.
The expression R}, = -dx/dy (z constant) is the marginal rate of
substitution of X for Y, and R; = -dx/dz (y constant) is the
marginal vate of substitution of X for Z. Both R and R; are
functions of x, y and z, and together their values make up the
individual’s complex of preferences.* Other marginal rates of sub-
stitution exist but can be obtained from the two written above:
Ry = 1/R}; Ri= 1/R;; Ry = R..R}; R’ = R;.R; = 1/R;.

Three assumptions? are made about the individual’s complex
of preferences:

(1) R} and R; are continuous functions of x, y and z.

(2) R’ and R; are positive at all points (x,y,2).

(3) For a variation in any indifference direction from any

point, the expression dx + Ridy 4+ Ridz decreases:
d(ds+ Ridy+ Ridz) < o subject to dx+ Ridy+ Ridz=o,

y

. I R and similar determinants are
L.e. —Z);R" iR” negative

ox oy S

1 R, R:

) 0 0

— R, — R, — R |. ..
and |0x _ 9y R 0z is positive ............(9).

0 R: 0 R: 0
— R} ~ R —
ox oy 0z

L The term * complex ~ of preferences is a better description of this idea in the
general case than the term “scale  of preferences which suffices in the simpler two
goods case. In the general case (without the integrability condition) it is not possible
to “integrate > the preferences of an individual into anything like a complete and
ordered scale. The * preference direction” (the most preferred direction) of the
individual is still unique, and it is at right angles to each of the indifference directions.
It is given by

R;

1Ry Ry
Hence, R¥=dy/dx and RZ=dx/dx for a change in the preference direction.
2 As before, the assumptions are not necessarily satisfied but serve to describe all
situations in which the individual is likely to find himself under market conditions.
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204 ECONOMICA [May

If the differential equation (8) is integrable (which is not
always, or even usually, the case), then a complete indifference
surface system exists in XY Z space. The first two assumptions
imply that each indifference surface has a continuously variable
tangent plane which is always downward sloping both in the
OX direction and in the OY direction. The third assumption
implies that the indifference surfaces are everywhere convex
to O. In particular, the second-order determinants with
negative values in (9) give the principle of increasing marginal
rate of substitution—the marginal rate of substitution of one

ood for another increases as we continue to substitute these
goods, the third good remaining fixed in amount.

The following notations are required:

R} R; x+ Ry 4+ Riz
Xy I R, R;

0 y 0 0
— R} - R, - R}
axR oy azR

g =

2 r2IR2R

ox oy = 0z
The coeflicient o is positive from the condition (9); it is
independent of units and symmetrical with respect to x, y and z.
Further, it denotes the mutual substitutability of the three goods
and, if the indifference surface system exists, it measures the
curvature of the surface passing through any point.

Consider now one good, say X, apart from the other two.

The elasticity of substitution between Y and Z is

dR:
R’

d%
—~27 divided by
2y

P4

where the differential can be taken along any one of the three
perpendicular indifference directions at the point (x,,2).
There are thus three elasticities of substitution between Y and
Z which we can denote by ,,0,., 250y, and ,,0,,, according as
it is taken along the YZ indifference direction (X constant),
along the XZ indifference direction (Y constant), or along the
XY indifference direction (Z constant). Evaluating:
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1934] A RECONSIDERATION OF THE THEORY OF VALUE 20§

K] Y+ Rz C .
v2Oys = w [T R which is positive,
0 ps @ ps
- Ry _ — R:
z5%ys = = | 1 R and,, 0 ,, = y 1 R [
0 pr 0 ps 0 ps0 p
= R; 52 R; e R; 3 R;

All these elasticities are independent of units. The first ,,0,,
is symmetrical with respect to y and z and measures the ordi-
nary elasticity of substitution between Y and Z (X being now
fixed in amount). The other two elasticities are new and can
be positive or negative; ,,0,, measures the elasticity of sub-
stitution between Y and Z when the relation between these
goods varies on account of a substitution of X for Z, Y remain-
ing fixed in amount, and similarly for ,,¢,,. There are three
similar elasticities when Y is considered apart from XZ and
three more when Z is considered apart from XY

3. The form of the individual’s complex of preferences is
described by twelve indices, all of which are expressed in
terms of first-order variations of R and R;. The indices refer
only to the complex of preferences and not to market condi-
tions. The twelve indices of the complex of preferences can be
divided into three sets:

(1) The elasticity of substitution between X and the pair YZ

_ g
vz O yz
. . o« e o o Y

and two similar elasticities and All three elastici-

2292 2y Ty

. o e (e . . .
ties are positive. In general terms, is the mutual elasticity
g
vz~ Uz

of the triad X, Y and Z reduced by the elasticity of substitution
of Y and Z between themselves. The elasticity can be large,
therefore, if the triad is a highly substitutable one (o large) or
if Y and Z themselves are hardly substitutable at all (,,0,,

small).
(2) The elasticity of complementarity of Y with X against Z
_ o
N wzaﬂz

This content downloaded from
148.252.140.80 on Mon, 24 Jun 2024 11:16:07 +00:00
All use subject to https://about.jstor.org/terms



206 ECONOMICA [may

and the elasticity of complementarity of Z with X against Y
o

.

a:’llo'

In these elasticities o is again reduced by one of the elasticities
of substitution between Y and Z—the new ones in this case.
The signs of the elasticities of complementarity can be positive
or negative, and these will be interpreted later in terms of the
competitive and complementary nature of the relations between
X, Y and Z. There are four other and similar elasticities of

Yz

complementarlty
g ag g
; ; ; and .
v2%2 2y Oz v2%xy z2 %y

(3) The coqﬁicz'ents of income-variation:

ayR’ R %R;%R:
and Py = %%R%%Rﬁ
aR'a_sz.

These coeflicients are the co-factors (adjusted to be independ-
ent of units) of the first row of the positive third-order
determinant given in (9). It follows that they cannot be all
negative; they are all positive in the “ normal case, and
either one or two of them are negative in the ‘‘ exceptional ”
cases.

The three indices of (1) and the six indices of (2) refer only
to the indifference directions at the point (x,9,2), i.e. to a single
indifference surface (if the system exists). The three indices of
(3) refer to variations from one set of indifference directions to
another and adjacent set, or from one indifference surface to
another and adjacent surface.

4. The individual demand functions.—If the individual spends

a given money income p on the three goods X, Y and Z at
glven uniform market prices p,, p, and p,, then hlS purchases
in equilibrium are given by the conditions:

R} R;
Xpy +yp, +2p, = and L = 22— & (10).
Pe TPy F 2P, —p and J- = 2% = (10)

If the indifference surface system exists, these equations
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1934] A RECONSIDERATION OF THE THEORY OF VALUE 207

correspond to the diagrammatic condition that the individual’s
equilibrium purchases are the co-ordinates of the point in
XYZ space where the given price plane (xp, + yp, + 2p, = 1)
touches an indifference surface. The equations (10) suffice to
determine x, y and 2z as functions of u, p,, p, and p,—the
individual demand functions. These functions are single-valued
since the assumption (9) implies that a unique equilibrium
position exists for any set of u, p,, p, and p,.

Let «, = x&, Ky = 25 and K, = 2P: denote the proportions

2 I B
of total income spenton X, Y'and Z respectively (k, -+, +x, = I).
For convenience, denote

D= apm a;v pz
y y
R o SRR
0 s 0 o :
WR” oy oy az =N

The values, in the equilibrium position, of the various elastici-
ties and coefficients defined above are:

_V’(I_Km)& ]
— P PP I — Y% Py g,
T ayz p2r DU P P o
8yR;6 B
By Pe s Ps L L. (11),
2y Tyz = _J;z—%‘_ 5 220y, = # etc.
. 2 o 0 o
IRLR; 5
=}’sz D:p — % p ., _ P p
P T pup, TP T pp, T

where D,, D, and D, are the co-factors of the first row of D.
The problem of the variation of the demand functions, as
income or as prices vary, is treated by the method adopted in
the two-goods case.

(@) Income-elasticities of demand.—Denoting the three
income-elasticities of demand by

Eu(v) = ”@‘, m)—“, Euz) ="
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differentiate (10) partially with respect to p:
E ) +op Efy) +2p Eu(z) =g

xima@HW§R“Mﬁ+zER“M@=°.JM>

M—R’A@+y7R”Aw+Z—R'A@—O

Solving the equations (12) in determinant form,

xEn(x) — )’Ep(y) — zE,L(z) _

v D, D, D’
Substituting the values of the various expressions given by (11),
E,(0)=0.pss Eu(y) = 0.p,3 Eu(2) = 0.pyereininnnn. (13).

From the first equation of (12) we have a relation between the
income-elasticities and hence between p,, p, and p,:

Ky M(x)_l_Kw E,u(y)"l“"z I,,(Z)— I}

I
KyPy T+ KyPy T Koy = -

It follows that all three income-elasticities cannot be negative.
In the * normal ” case they are all positive and each demand
increases with increasing income. In the “ exceptional ” cases
one (or two) of the income-elasticities is negative and the
demand for one (or two) of the goods decreases with increasing
income. A good is said to be inferior if its demand decreases
with increasing income, and it is possible, therefore, for one
or two of a set of three goods to be inferior in this sense.

Since the income-elasticities of demand are positive multiples
of the third set of indices, they can be used instead of the latter
to characterise the individual’s complex of preferences.

() Price-elasticities of demand. Denoting the p,-elasticities of
demand by

— _ P05 p P 9y, — P 0%
Epw(x) == 76’ apm 5 m:( )— apz 5 m:( ) 2 3}%’
differentiate (10) partially with respect to P, :

%Py Epu(®) + 3Py Epa(y)  + 20, Eo(2) = 4P,

0 py 84 y 0 py _ Py
xﬁ R; Em:(x) + ya‘y R; Em(y) +za—£: R; Epw(z) = P: “.(15)'

0 s 0 ps 0 ps _ 2.
xé} Rx Em(x) + ya_y“ Rx Eﬁw(y)+ zgé Rx Epw(z) - ‘;

(4
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Solving the equations (15) in determinant form:

#Ea() v EL() . 2EN() 1
*Ps aPu aPz an "Y’wapz an a]’y %Py | D
Py 9 py O py O pyPy O py o y_Ryzy
pwanyasz axRxpzasz axR"ay " P
Pop gl |02 g | |2 e g
e ayR"a = axRxpwasz BxRxay " Pa
e, B, (x) = JZ Pt D+ Pv{p 2 R a—R;}
o Bul) = S0 o [0 Dot By Rty

Pef, @ py gy}

+ o P P~ayR”]
_ _ Y% Py 0 pi _ 5 0 )
= K, T.p, w ;;o- (_p,,,azRy p,ayRy 5

using the expressions (11) and making the transformation
R; = R;.R; together with the equilibrium equations (10).
Hence, from (11) and (13),

Epo(%) = 1 Ep(%) + (1 — xa) .

'uza'w:

g

By an exactly similar procedure, we obtain
E,. () = 1, Eu(y) + k4 and E,,(2) = 1, E,(2) + &, ~
X2 Y2 Y- Y2

Similar sets of results can be obtained for the p,-elasticities and
for the p,-elasticities of demand. Hence:

(o)

Em(x) = Ky ,,(x) + (1 — ) Z
o
En =Bt 2oL (16)
Epu(2) = ko Eu(2) + 16y —
Y- Y2
and two similar sets of three equations

Each price-elasticity of demand thus consists of two terms, the
first term being a multiple of the third set of indices of the
complex of preferences (the coefficients of income-variation)
and the second term being a multiple of the first and second set
of indices (the elasticities of substitution and complementarity).

One relation can be found between each of the three sets of
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210 ECONOMICA [may

price-elasticities of demand. From the first equation of (15),

and two similar relations

g (o) (o)
Hence, (1 — «,) +x, +k, =0
1/740.1[74 wzayz a:vcﬂz

and two similar relations

The three relations of the type (17) between the indices of
the first and second sets imply, amongst other things, that the
elasticities of substitution can be obtained in terms of the

elasticities of complementarity. Further, since > o,

327

both—2 _ and —%_ cannot be positive. There are, there-

mzc'yz wvaﬂz

fore, only two possibilities. Eitker both elasticities of comple-
mentarity of Y and Z with X are negative or one elasticity is
negative and the other positive.

§. A number of important conclusions can be derived from
the results (16).* The increases and decreases in the various
demands that follow a change in any one price are made up of
two separate changes, the first due to the change in real income
and the second to the substitutions made possible by the change
in the relative prices.

The effect of a change in the price of a good on the demand
for the same good is clear. The change is measured by an
elasticity of the form E_,(x) and this is positive in almost all
cases. The demand for a good is thus increased by a fall in its
price. It is possible, however, that this result is reversed in
very exceptional cases. A price-elasticity of the form E,,(x)
can be negative and the demand for a good can increase with a
rise in its price, provided that the income-elasticity of demand
for the good is negative and large relative to the substitution
effect. Hence, the demand curve for a good X can be rising,
in the Giffen-Marshall sense, provided that X is an inferior
good and that a large proportion of total income is spent on X
for which no ready substitutes are available.

The effect of a change in the price of a good on the demands
for other goods is more involved, and it is here that we must
look for observable evidence of the * competitive ”” or *“ com-
plementary " nature of the relations between the three goods.

1 For a complete account of these conclusions, see the first part of this article by Dr.
Hicks, EcoNnomIca, February 1934, p. 67 and pp. 69 et seq.

vz
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1934.] A RECONSIDERATION OF THE THEORY OF VALUE 211

Consider the three-way substitution made possible by the
relative price changes apart from the effect of the change in the
level of real income. The second terms of the results (16)
indicate this substitution effect. The effect of substitution
following a fall in the price of X is to increase or decrease the
demand for Y according as the elasticity of complementarity
of Y with X against Z is positive or negative. A negative
elasticity of complementarity implies that Y competes with X against
Z and a positive elasticity that Y complements X against Z. The
signs of the elasticities of complementarity determine the
competitive and complementary nature of the relations between
the three goods and their magnitudes indicate the extent of
the relations.! Since both elasticities of complementarity of Y
and Z with X cannot be positive, it is impossible that both Y
and Z complement X. There must be an elementof competition
between one good and the other pair. In conclusion, it is
important to notice that these competitive and complementary
relations depend only on the indices of the individual’s complex
of preferences, and not on market prices or conditions.

III. THE INTEGRABILITY CASE

1. The development of the previous section was perfectly
general and, in particular, it was independent of the existence
of an integral of the fundamental differential equation (8). The
results to be set out in the present section, on the other hand,
hold only in cases where the equation (8) is integrable.

The mathematical condition for integrability imposes a
restriction on the form of R} and R;.* Assuming that the
condition is satisfied, there exists a function index of utility

U= F{‘/’(xayaz)}

where ¢(%,7,%) is any one integral of (8) and F denotes the
arbitrary function involved in the general integral. Writing
the partial derivatives of ¢(%,5,%) by ¢,, ¢, and ¢,, we have

Ro— P and RP = %5,
g bs

11In the complementary case the demands for both X and Y increase at the expense
of the demand for Z (apart from the effect of the change in real income). This is why
only competitive goods are possible in the two-goods case ; there is no third good to
absorb the loss that must occur in substitution.

9
v

0
x afoc - Rz @Rz = 0.

e .0 0
2 Thy dit — RY — —FR=
e condition 1s azR" % Rz + R
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212 ECONOMICA [may

The analysis can now be expressed in terms of the function
¢ (%,7,%) and its partial derivatives of the first and second orders,
remembering that only the ratios of ¢,, ¢, and ¢, are definite.
All the results given below, however, can be shown to involve
only these ratios or the derivatives of the ratios, and not the
functions themselves.

2. Simplification of the competitive and complementary relations.
—1In the integrability case the values of the six elasticities of
complementarity are

T x¢m +.y¢1/ + z‘ﬁz ¢wu — g

2z %yz xy @ v2%ae
o _ % +yd + 24, Py O

2y Pz y= o 2202y
o xdy + ¥b, + 29, ?ﬁ’i—_— d

y2%ay X2 2 awo'w,

where—@ stands for the negative and symmetrical determinant

¢wm ¢w'u ¢wz ¢w
bov  Puy Bue P
¢w z ¢1I z ¢ 22 ¢ z
¢ ¢ b O

and @,,, 9,, and @,, are the co-factors of ¢,,, ¢,, and ¢,, in
the determinant.

Symmetry is, therefore, introduced into the relations between
the three goods when the integrability condition is satisfied.
For the relation between any pair of goods X and Y (with
respect to the third good Z), the elasticity of complementarity
of Y with X against Z is equal to the elasticity of complemen-
tarity of X with Y against Z. It is now possible to speak of the
elasticity of complementarity of the pair XY (against Z):

o o
Oay = = y
220y veOaz

and there are only three of these elasticities, o,,, 0,, and o,,,
instead of the full set of six.* The signs of o, 0,, and o,
determine the competitive and complementary relations of the
whole set of three goods. If o,, is negative X and Y are com-
petitive, if positive X and Y are complementary (with respect
to Z in each case). Similar criteria apply to the relation
between the other pairs.

1 The integrability condition is clearly sufficient for this symmetry ; it also appears
to be a necessary condition.
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The equations (17) now take the form:

g
(I - KK'J)"~ + KyOuy + K,04, = O.
v20yz

and two similar relations

Hence, at least two of o,,, 0,, and o,, are negative, and it is not
possible for more than one pair of the three goods to be com-
plementary. Further, the equations can be solved either to give
the elasticities of substitution of the goods in pairs (;,0,,5 7,02
and ,,0,,) in terms of the elasticities of complementarity of the
goods in pairs (o,,, 0,, and o,,), or conversely. The latter is the
more interesting solution. We obtain:

o=t {_I_(’& + ’&e) SR S el N “"v} . (18).

ey Ty \Kg Ky y20yz Ky 2202z Ko
and two similar expressions

Hence, the goods X and Y can only be markedly comple-

mentary if the term — (’3—}— '3) is large compared with the
w’llo.w‘ll Kw K1l

other two terms of the expression (18), i.e. if the elasticity of
substitution of the pair XY is small compared with the two
similar elasticities, or if «, is large compared with «, and «,, or
both. The results stated by Dr. Hicks on this point follow at
once.!

Consider, finally, the two actual variations in demand:

o __n y__#
o7, = 3 {Eu(x) + 04y} 2nd aPm_ # {E.(y) + om}
Both 0x anda—y are independent of units and can be com-

0Py
pared directly. The two variations are equal only if E,(x) =
E,(y), i.e. if an increase in income has the same proportional
effect on the demands for the two goods. This may approxi-
mate to the actual state of affairs in many cases, but it is
certainly not exactly true in general. Further, the two
variations are in the same direction (without necessarily being
of equal magnitude) either if both income-elasticities are small
or if they are large but differ by a small amount.? It is, how-

1 Hicks, EcoNomIca, February 1934, p. 73.
2 It is worth while distinguishing the two alternatives. It is only in the first alterna-

op

@

tive, where E“(x) and En(y) are small, that we can say that the common sign of ;;
L4

andTay is determined by the sign of o,,. In this case the two variations are positive if
x

G
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ever, quite possible that %’i and 2 are different, not only in
v @

magnitude, but also in sign. The symmetry of the system does
not necessarily extend to these two changes in demand.

3. The case of independent goods.—The three goods form an
independent system if the marginal rate of substitution of one
good for another depends only on the amounts possessed by
the individual of these two goods, i.e. if R} is a function of x
and y, R; a function of y and z and R; a function of » and z.
It follows at once that each marginal rate of substitution can be
expressed as a product of two functions of a single variable, and
that we can write:

I R;, R;

00 — h0) T LG
The differential equation (8) is

bo(%)dn+ ¢, (y)dy + ¢, (2)dz =0

and this is always integrable. The function index of utility is

u=F{D,(x)+P,(y)+2.(2)}
the general integral of the equation, where

@m(x) = I‘ﬁm(‘@dx; ¢y(y) = J“ﬁu(y)d.y; 2, (z) = [¢, (z)dz'
The utility index is, in all its forms, a function of the sum of
three functions of a single variable, and the goods X, Y and Z
make independent contributions to the utility index. The case
of independent goods is thus at least mathematically significant.

It is only in the independent goods case that we can derive
anything corresponding to the marginal utility functions and
curves of the traditional analysis. The marginal rate of substitu-
tion of Y for X is Rj=4¢,(x) : ¢,(¥), and this is a constant times
$,(x) when only » varies. The same is true of the marginal rate
of substitution of Z for X. There is, therefore, a single-
variable function ¢,(x) which represents the marginal rate of
substitution of any good for X for various amounts of X. It is
only necessary to multiply the function by a constant depending
on which good is substituted for X and on the (fixed) amount
of this good possessed by the individual.

Let E,(¢,) = f %gbw represent the elasticity of the function

X and Y are competitive and negative if X and Y are complementary. In the second
alternative, though the variations are in the same direction, the direction does not
necessarily correspond to the competitive or complementary relation between the pair
of goods XY.
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é,(x), 1.e. the elasticity of the marginal rate of substitution of
any good for X taken for variations in the amount possessed of
X. In the same way we can obtain two other elasticities,
E,($,) and E,(¢,). Each of these three elasticities is perfectly
definite, being independent of units, of which good is sub-
stituted for the one named and of the amount of the substituted
good that happens to be possessed. The elasticities correspond
to the elasticities of the marginal utility functions or curves of
Pareto’s theory of value. If the signs of all E (¢.), E,($,) and
E,(¢,) are negatlvc we have the case of “ decreasmg margmal
utility ” in Pareto’s sense. It is, however, not necessary that
this case should obtain for all sets of independent goods.

In the case of independent goods the following equilibrium
values of the fundamental coefficients are obtained:

-1 I I — kK, I

E;Esz K;uzayz=_ EﬂEz K—&etc.;
E

4

g =

220%yz —yz0z = .E" etc.; p, = E E etc.,
2

where K = K= Xv

g
E E and E, stands for E, (¢, ),fand

Ez
so on.
The equilibrium values of the twelve indices of the indi-

vidual’s complex of preferences are:
(1) the elasticities of substitution are

o I I (I Ky 1)
vz %z I — kK, Ea: Ew K

and two similar expressions, all being positive

(2) the elasticities of complementarity are
1 1
= —=0kF,,
= EE, K "
and two similar expressions
(3) the coeflicients of income-variation are
pe=E, E.; Py = E,E andp, = Ea:Ew
andso  E,(¥)=cE,E,; E (y)=0E,E, and E,(2) =0 E,E,.
The indices are all determined by the three elasticities E,,
E, and E,. There must, therefore, be a number of relations

between them. As in the general integrability case the
elasticities of substitution can be expressed in terms of the
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216 ECONOMICA [mMaY

elasticities of complementarity, or conversely, by means of
equations (18). In the independent goods case, however, there
is a further set of relations between the indices. The co-
efficients of income-variation, and hence the income-elasticities
of demand, can be expressed in terms of the elasticities of
complementarlty also. We have:

g [0}
E (%)= Tlen E.(y)= Zev%vz and E, (z)= -~ L .(19).
As in the 1ntegrab1hty case at least two of o,,, o,, and o,
must be negative. Since o,, = ¢E,, 0,, = ¢E, and o,, = oE,

(o being positive), at least two of E,, E, and E must also be
negative. There are thus only two pOSSIblhtles either all E,,
E, and E, are negative, or one of them is positive and the other
two negative.

(1) When E,, E, and E, are all negative we have the case
oi *“ decreasing marginal utility.” From the expressions above
all the elasticities of substitution are positive, all the elasticities
of complementarity are negative, and all the coefficients of
income-variation are positive. It follows that all the income-
elasticities of demand are positive. Further, from the results
(16), E,, (%), E,,(y) and E,, (), i.e. the demand elasticities with
respect to the price of the good concerned, are also all positive.
The three goods compete with each other in pairs and there is
no possibility of ‘“ exceptional ” behaviour of any kind.

(2) When E, is positive and E, and E, are negative we
have the case where one good has ‘increasing marginal
utility.” Since o must be positive there is one restriction in
this case:

Ky Ky K,

P s 5
The elasticity of complementarity of the pair YZ is now
positive, and the other two elasticities are negatwe Of the
income-elasticities of demand only E,(x) is positive and the
other two are negative. In this case both Y and Z are inferior
to X, and they complement each other while competing
separately with X. The p,-elasticities of demand are all
definite in sign from (16), E,,(x) being positive and the other
two negative. A fall in the price of the superior good X
increases the demand for the good at the expense of a decrease
in the demand for each of the inferior goods. The other price-
elasticities can be of either sign and, in particular, rising
demand curves for Y and Z are possible.
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1934] A RECONSIDERATION OF THE THEORY OF VALUE 217

The independent goods case includes a case of perfectly
“ normal ”’ relationship between X, Y and Z. But it also
includes a case where a pair of goods is inferior to, and comple-
ment each other against, the third good. It is, therefore, not
sufficient to take the goods as an independent set if it is desired
to give a simple analytical treatment (as a first approximation)
of the case of three goods ‘ normally ” related. One additional
condition is necessary for this, the condition that the elasticities
of the marginal rates of substitution are all negative.!

To return to the case of two goods for a moment, the only
definition of two independent goods that can be given is that
the marginal rate of substitution divides into two functions of a

single variable : R} = i”((zg There are again two possibilities.
z
Either E,(¢,) and E,(¢,) are both negative, in which case the
income-elasticities of demand are both positive. Or E (¢,)
and E, (¢,) are of opposite signs, in which case the income-
elasticities of demand are also of opposite signs. But these two
possibilities cover all the cases that caz arise when there are
only two goods. The case of two independent goods is thus
no more restricted (in general terms) than the complete case,
and any relationship between two goods can be represented,
at least approximately for small variations, by the independent
relationship. The two-goods case can be treated perfectly well
by assuming independence from the beginning.? This is not

1 Only one condition is required here since two of the three elasticities are negative
in any case.

2 See Hicks, ECONOMICA, February 1934, pp. 75-6. In the case of two independent
goods X and Y, the two fundamental elasticities are E,(¢,) and E,(¢,). The former is
the elasticity (X variable) of the marginal rate of substitution of Y for X, or (broadly)
the elasticity of the marginal utility of X. The other elasticity is similarly interpreted.
All demand elasticities are expressed in terms of E, and E,; in particular

E, (%) = —oE, and E\(y) = — 0 E,

1

x E’"

These remarks throw some light upon the meaning of Professor Frisch’s * money
flexibility ”* (New Methods of Measuring Marginal Utility, 1932). Professor Frisch, in
effect, takes X as one particular commodity (say sugar) and Y as the group of all other
commodities. Then £, is the elasticity of the marginal rate of substitution of sugar for
all other commodities when the expenditure on the latter varies. This is the elasticity
of the marginal utility of all other commodities, i.e. of money income. Hence, Professor
Frisch’s money flexibility is E,. It follows, for example, that income-elasticity of
demand for sugar is the product of the elasticity of substitution between sugar and all
other commodities and the numerical value of money flexibility. The question arises
whether the value of £, is independent of the choice of X. If this is the case, as Professer

I — . . . .
where 0 = — iE Ky » the elasticity of substitution between X and Y.
v
E
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218 ECONOMICA [May

true in the case of more than two goods, and here the case of
independence is definitely more restricted than the general case
(even if integrability is assumed), and must be treated as such.

4. Notes on the * degrees of freedom ™ of the system.—Three
cases of the relationship between three or more goods have
been considered:

(2) The general case.
(6) The case where the integrability condition is satisfied
and a utility function index exists.

(¢) The case of independent goods.

It is proposed to add a number of concluding remarks on the
way in which the number of * degrees of freedom ” of the
system is decreased as we proceed from the general to the more
particular cases. The meaning of the term ‘ degrees of free-
dom ”” will be apparent from the nature of these remarks.

(@) In the general case it is found that three relations (17)
exist between the elasticities of substitution and of comple-
mentarity and one relation (14) between the coefficients of
income-variation. The restrictions (9) are only inequalities
and do not affect the independence of the indices. There are
thus eight independent indices of the individual's complex of
preferences and these can be taken as the six elasticities of
complementarity and two of the coefficients of income-
variation. '

The variation of individual demand for changes in income
or in the market prices is described by twelve income and price-
elasticities of demand. By the relations (14) and (17) one
income-elasticity and three price-elasticities depend on the
others. There are thus eight independent elasticities of demand
and the eight independent indices account for these. The
general case, therefore, has eight degrees of freedom.

(6) The integrability case introduces symmetry into the
system. The six elasticities of complementarity are reduced to
three, and there are now only five independent indices of the
individual’s complex of preferences. These can be taken, for
example, as the three elasticities of complementarity and two
coeflicients of income-variation. There 1s a reduction of three
in the number of degrees of freedom in the system. On the
demand side this must be paralleled by three relations between
the eight independent elasticities of demand. These relations

Frisch claims, the income-elasticity of demand for any commodity is a constant
multiple of the elasticity of substitution between this and all other commodities.
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are provided by the symmetry of the system and are, from the
equations (16),

I I

;m‘ Emc(y> - ;; Em(x) = E“(y> - E,,_(x)
and two similar relations. As we found, these relations provide
a means of comparing E,,(y) and E,,(x), and so on.

The fact that there are five degrees of freedom in the system
is also shown by the number of second-order derivatives of
¢(x,5,2). There are six of these derivatives and one is not
independent since the integrability condition must be satisfied.
The remaining five are independent and describe the system.

(¢) The further particular case of a set of three independent
goods introduces two further restrictions. From the equations
(19), it follows that the two independent coefficients of income-
varlation are expressible in terms o,,, o,, and ,,, and are no
longer independent. There are now only rhree independent
indices of the individual’s complex of preferences. These can be
taken as o,,, 0,, and o,,. Alternatively, since all indices can be
expressed in terms of the definite elasticities E,(¢,), £,(¢,)
and E,(¢,), these can be taken to represent the three inde-
pendent indices. There are thus three degrees of freedom in
the system.

On the demand side, in addition to the relations of
the integrability case, there are two relations connecting
the income-elasticities and the price-elasticities. Hence, of the
elasticities of demand, only three are independent (e.g. the
po-clasticities), and these are accounted for by the three
independent indices. This is checked by the fact that there are
only three non-zero second-order derivatives of the function
‘ﬁ(xa}’)z) = (Dw(x) -+ ¢v@> + @z(z)

Finally, the independent goods case with one additional
condition can be used to describe a case of three goods related
in a perfectly ““ normal ” way. Since the additional condition
takes the form of an inequality there is no further reduction in
the number of degrees of freedom. The case of independent
goods “ normally ” related is still described by three inde-
pendent indices and still displays three degrees of freedom.

This content downloaded from
148.252.140.80 on Mon, 24 Jun 2024 11:16:07 +00:00
All use subject to https://about.jstor.org/terms



	Contents
	image 1
	image 2
	image 3
	image 4
	image 5
	image 6
	image 7
	image 8
	image 9
	image 10
	image 11
	image 12
	image 13
	image 14
	image 15
	image 16
	image 17
	image 18
	image 19
	image 20
	image 21
	image 22
	image 23
	image 24

	Issue Table of Contents
	Economica, Vol. 1, No. 2 (May, 1934), pp. i-iv+121-256+v-viii
	Front Matter [pp. i-iv]
	Twelve Months of American Dollar Policy [pp. 121-146]
	"The Theory of Unemployment" by Professor A. C. Pigou [pp. 147-166]
	The Economic Aspects of Copyright in Books [pp. 167-195]
	A Reconsideration of the Theory of Value. Part II. A Mathematical Theory of Individual Demand Functions [pp. 196-219]
	The Movement of Labour into South-East England 1920-32 [pp. 220-241]
	A Note on Banking Policy and the Income-Velocity of Circulation of Money [pp. 242-245]
	Book Reviews
	Review: untitled [pp. 246-247]
	Review: untitled [pp. 247-250]
	Review: untitled [p. 251]
	Review: untitled [p. 252]

	Books and Monographs Received [pp. 253-255]
	Periodicals Received [p. 255]
	School Notes [p. 256]
	Back Matter [pp. v-viii]



