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A Appendix on theoretical framework

A.1 Welfare gains in a deterministic environment

We consider the deterministic infinite-horizon economy described in the main text (Section 1.B). The
following proposition characterizes the welfare effect of a joint deviation in the path of asset prices,
labor income, and dividend income. This proposition effectively generalizes Proposition 1, which cor-
responds to the special case where the deviation in income is zero.

Proposition A1. The welfare gain of a deviation in asset prices {dQy, {d Py} }5 as well as labor and dividend
income {dY;;, {dDy }i} 52 is
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Proof of Proposition Al. To provide some intuition, we first give an heuristic derivation using the La-
grangian corresponding to the individual optimization problem and totally differentiating with respect
to the sequence of asset prices {Qy, {P;;}X_,}%° ) and income {dY;;, {dDy}K ;}%°, . We then provide
a more rigorous proof that uses a perturbation of this sequence indexed by a perturbation parameter 0
and a version of the envelope theorem due to Oyama and Takenawa (2018).

Heuristic derivation. The Lagrangian associated with the optimization problem is
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Assuming that the value function is differentiable, we can write the infinitesimal change in the value



function in terms of the infinitesimal change in the Lagrangian:
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The third equality uses the first-order conditions for B;;, A;;Qt = A;;+1, while the last equality uses
the first-order condition for C;o, U'(Cip) = Ajo, as well as the definition of the cumulative return

o%t =Qo... Q1.

Formal derivation. Consider a deviation in asset prices in the direction {AQy, {AP;;}X}¢° ; and of income
in the direction {AY;;, {ADy;}X}, Consider a parameter 6 € [0,1] indexing the size of the perturba-

tion:

Q:(0) = Qr +0AQy; Pt(0) = Prt + 0AP
Yi(0) =Y+ 0AY Dy+(0) = Dy + 0ADy.

The optimization problem takes the form V;((0) = max, f(x,0) where x = {B;;, { N }x } 5o, and
K
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Note that f is continuous in x, and that its derivative with respect to 6 is
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which is continuous in x and 6. Under this set of assumptions, Proposition 2.1 in Oyama and Takenawa
(2018) gives that V is differentiable at 0 and V'(0) = dyf(x*,0), where x* denote the optimal solution
of the maximization problem at § = 0. Using the expression for dy f above gives:
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where the second line uses the Euler equation. This concludes the proof as dV;y = V'(0)df, dQ; =
AQt d9, de,t = APk,t d9, d'Yl',t = AYi,t d9, and de,t = ADk,t de. O

Proof of Proposition 1. The proposition obtains as a special case of Proposition A1 where the deviation in
income is taken to be zero, i.e., dY;; = 0 and dDy; = 0 for 1 < k < K. O



A.2  Welfare gains in a stochastic environment

So far, we have focused on the case of a deterministic economy. We now extend our results to the case
of a stochastic economy. For clarity, we distinguish between two different cases. In Appendix A.2.1, we
first consider the case of a baseline stochastic economy that is subject to an unexpected deviation in the
path of asset prices and income; that is, the same comparative static exercise as in Proposition 1 but
now in a stochastic environment. In Appendix A.2.2, we then consider the more complex case in which
the realization of the deviation itself corresponds to a “shock” on which individuals can potentially
contract ex-ante; that is, individuals maximize expected values using a probability distribution over
different realizations of this shock and can potentially insure against this shock by trading in financial

markets.

A.2.1 Extension of Proposition 1 to a stochastic environment (comparative statics exercise)

Setup. We first describe the stochastic economy. At each time period f > 1, there is a realization of
a stochastic event s; € S. We denote st = (sq,... ,s¢) the history of these realizations up to time t.
We allow asset prices and income to depend on the entire history of events s!. More precisely, there is
a sequence of one-period bonds with stochastic prices Q;(s'), as well as K long-lived assets financial
assets with stochastic prices Py (s') and stochastic dividends Dy, (s) for each asset k. Each individual
i receives some stochastic labor income every period Y;;(s').! To minimize the notational burden, we
omit the explicit dependence of each stochastic process on s when there is no risk of ambiguity.

Agents have the same preferences as in the baseline model. The problem of individual i is to choose
a history-contingent path for consumption C;; and asset holdings B;;, { Nk t }x to maximize welfare:
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subject to initial asset holdings B; 1 and {N; s _1 }«, as well as a sequence of budget constraints for t > 0
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As in the baseline model, we assume that there is a unique solution to the agent problem and that it is
continuous with respect to asset prices, dividends, and income received in each state of nature.

Welfare gain. We now study the welfare effect of a deviation in the paths of asset prices and income.
More precisely, we consider a history-contingent deviation in asset prices, {dQ(s"), {dP(s") }x}5>0,
as well as in dividend and labor income, {dY;;(s"), {dDy(s") }¢}32,-> As in the main text, this devia-
tion can be interpreted either as a difference between two economies (e.g., comparative static) or as an
unexpected MIT shock in the baseline economy.

We define the welfare gain of this deviation as the amount of money received at time t = 0 in the
baseline economy that would have the same effect on individual welfare. The following proposition
expresses this welfare gain in terms of the path of future asset holdings.

IWhile the set of event realizations S does not depend on i, the mapping from the history of stochastic events st
to individual labor income Y;}; is individual specific, and so our framework includes models with purely idiosyn-
cratic labor income shocks.

“Note that, when the economy is stochastic, this assumption no longer requires the existence of adjustment
cost, as different assets can have different risk profiles. Still, this assumption rules out the presence of arbitrage
opportunities within the set of assets without adjustment costs.

3Note that we allow this deviation to be state-contingent, although it does not play a key role for our results.



Proposition A2. The welfare gain of a deviation in asset prices {dQy, {d Py ; }x } 7, as well as labor and dividend
income {dY;, {dDy s} 5o is
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Relative to the formula obtained in a deterministic economy (Proposition A1), the baseline formula
for the welfare gain changes in two ways. First, in a stochastic world, what matters for (ex-ante) welfare
is the expected path of net asset sales, not the realized one. The second is that this expectation is under
the individual’s risk-neutral measure, which tilts the objective measure by the individual’s marginal
rate of substitution across states and times /U’ (C; ;) /U’(C; o). This adjustment reflects that individuals
care about particular states of the world more than others. To be concrete in the context of idiosyncratic
labor income risk, consider the ex-ante welfare gain of young individuals who face uncertainty over
their future paths of labor income and who plan to buy houses only if they are successful in the labor
market. From today’s perspective, these individuals “care more” about the states of the world where
their income is low, as their marginal utility of consumption will be higher in these states. Hence, their
expected housing purchases are lower under the risk-adjusted measure than the objective measure.

Proof of Proposition A2. The Lagrangian associated with the individual problem at time t = 0
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where A;; denotes the (stochastic) Lagrange multiplier associated with the budget constraint (A3) at
time ¢. One should understand the expectation [Ej as a probability-weighted sum across different states
of nature, and so this Lagrangian can be understood as the one obtained for a static optimization with
as many constraints as there are states of nature.

As in the proof of Proposition 1, we apply the Lagrangian method to obtain:
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where the second equality uses the first-order condition for C;;, BU’(C;;) = A, ;. Dividing each side by
U'(C;p) gives the result. O

Case of complete markets. We now add the assumption that markets are complete in the baseline
economy.* In a dynamic environment such as ours, what this assumption means is that there are enough
assets with zero adjustment cost to allow individuals to replicate the Arrow-Debreu security associated
with any history s' (i.e., a security that returns one dollar at time ¢ if history s’ is realized and zero
otherwise) with some trading strategy started at time t = 0 (for any time t and history s'). In this case,
there exists a unique stochastic discount factor, A¢(s') (up to a scaling factor). At each time and in each

“Note that we are still considering the case of a comparative statics exercise between two economies (or, equiv-
alently, an unexpected deviation at time ¢ = 0; that is, an MIT shock). We will consider the case of markets that are
complete regarding the “realization” of the deviation itself in Appendix A.2.2 below.
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state, agents equalize their marginal rates of substitution across states and times to the growth of the

stochastic discount factor:’
U (Ciy) Ay

U'(Cp) Ao (Ad)

As a result, the welfare gain formula from Proposition A2 simplifies to:
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Because of complete markets, all individuals use the same discount factor to value consumption in
any future history relative to today.® One implication is that for the case of a pure deviation in asset
prices (i.e., no deviation in incomes dDy; = dY;; = 0), welfare gains aggregate to zero across a set of
individuals trading with each other, since transactions aggregate to zero in every state in the world.
Note that this critically hinges on the fact that markets are complete, which was de-facto the case in our
baseline model (Proposition 1), as the presence of liquid one-period bonds in a deterministic economy

is enough to make markets complete.

A.2.2 Welfare effects of potentially insurable shocks

So far, we have considered the case of a stochastic economy with an unexpected deviation in the path
of asset prices and income (i.e., a MIT shock). Instead, we now consider an economy with “deviation
shocks”; that is, an economy with individuals maximizing expected values using a probability distri-
bution over different realizations of this shock. An important implication of this assumption is that
individuals can contract on the realization of the deviation itself. The presence of insurance markets
affects the equilibrium trading pattern of individuals and, therefore, their exposure to the “deviation
shock”. Still, our sufficient statistic formula, which expresses individual welfare gains given individual
trading patterns, remains unchanged.

Setup. The setup for the baseline economy is very similar to the previous section, except that we now
add the realization of a stochastic event sy at time f = 0. To keep things simple, we assume that there
are only two possible realizations for sy: a baseline scenario s and a deviation 5.7 We assume that the
realization of sy does not affect the probability distribution of events in the future, but it does affect
the values of asset prices and income associated with each event history. More precisely, labor income,
dividend income, and asset prices at time ¢ are stochastic processes that depend on the entire history of
shocks from 0 to t, (sq,s1,--.,5t) = (so,s) where s' = (sq,...,s;) denotes the history from t = 1 as in
the preceding section.

For any stochastic process X;(sg, s1, - --,5t), we denote by AX;(s") = X;(5,s') — X;(5,s!) the differ-
ence in the realized value of X; if state sy = 5 happens compared to state sy = 5. Finally, as in the
proof of Proposition Al, we consider a sequence of economies in which the size of the difference in

5Denoting 7t(s!) the probability of history sf, 7t(st) A¢(s*)/ Ag corresponds to the price at t = 0 of the Arrow-
Debreu security associated to history s. Hence, this equality can be interpreted as the first-order condition reflect-
ing that the individual i must be indifferent between using one marginal dollar at { = 0 to consume or to invest in
the Arrow-Debreu security associated to history st.

®In fact, we only need the markets to be complete starting from time t = 0; that is, we do not need agents to be
able to insure against the deviation shock.

7We could easily allow sy to have an arbitrary (finite) number of realizations, sy € S, and focus on the welfare
gain of some realization relative to another. However, the notations become much more complex, as one needs to
distinguish the ex-post realization of each stochastic process with respect to each possible realization of s.
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asset prices and income between § and 5 is scaled by 6 and we will study the asymptotic limit § — 0.5
To keep notations simple, we will leave implicit the fact that each stochastic process (e.g., asset prices,
income, consumption...) is indexed by 6.

Agent preferences are the same as above. Individuals choose a history-contingent path of consump-
tion C;; and asset holdings B; ;, { Nk t }x to maximize expected utility

o0
Vi1 = max E_; BU(Ciy)
l {CitBit ANijt 1320 z;) Z
subject to the following sequence of budget constraints
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with initial financial wealth W; _1. The key difference with the earlier model is that we allow agents
to trade before the realization of the deviation shock sg. Note that, for the sake of simplicity, we also
assume away any adjustment costs in the assets, which allows us to get a simple formulation for the
individual problem when markets are complete. Finally, we assume that the set of asset prices and
dividends is such that there are no arbitrage opportunities, that there is a unique solution to the agent
problem, and that it is continuous with respect to 6.

Welfare gain. We now extend our notion of welfare gain (i.e., equivalent variation) to this stochastic
economy. Formally, we define the welfare gain of the realization of sy = § relative to sy = 5 as the
quantity of money received at t = 0 that would equalize realized welfare across these two states. Denote
by AVig = Eg [L2 B U(Ciy)|so = 5] — Eo [0 B'U(Cit)|so = 5] the difference in the welfare of the
individual at time t = 0 if state 5 is realized relative to state s (given our two-state assumption, AV;
is just a deterministic scalar). At the first order in 6 (i.e., when the difference between the two states is
small), the welfare gain corresponds to AV, divided by the marginal utility of consumption. Using a

similar derivation as in Proposition A2, the welfare gain is:’
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The key takeaways are that (i) our sufficient statistic formula can be interpreted as the effect of a realized
shock and that (ii) it remains valid even when individuals can ex-ante insure against this shock. Put
differently, while the ability to optimally choose portfolios at t = —1 impacts the trading patterns of the
individual, it does not affect the welfare effect of a shock given these trading patterns.

8This small shock limit # — 0 can be interpreted as the small time horizon limit At — 0 in an economy in which
asset prices and income follow Ito processes.

9We use the notation 0(6) to denote a term that converges to zero faster than 6 as § — 0 (e.g., a second-order
term in ). Note that while each side of this formula is a random variable contingent on the realization of the state
sg, the difference between the values of these random variables between sy = § and sy = 5 is second-order in 6.
Put differently, as in the deterministic case, welfare gains can be approximated at the first order using our sufficient
statistic with either the path of asset transactions in the baseline economy or the path of asset transactions in the
perturbed economy.



Case of complete markets We now consider the case where markets are complete starting from time
t = —1. As discussed above, this means that there is a unique (up to a scaling factor) stochastic discount
factor, denoted Ay, for t > —1. Because we abstracted away from adjustment costs, the sequence of asset

prices satisfies the following equations:

NPy =y [At-l-l (Dt+1 + Pt+1)] for1 < k <K
At Qr = Ef [Ag11].

As a result, we can consolidate the sequence of budget constraints (A6) for an individual starting with

some initial wealth W; _; to obtain the following present-value budget constraint:!’
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Hence, because of complete markets, the problem of the agent can simply be expressed as choosing
a history-contingent consumption path to maximize utility subject to this present-value budget con-
straint. Taking the first-order condition of this problem with respect to C;; pins down consumption in
terms of the stochastic discount factor for any time ¢ > 0:11
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where y; is the Lagrange multiplier corresponding to the present-value budget constraint (taking a
value such that this constraint is satisfied). Differentiating with respect to the realization of sy = 5
relative to sy = 5§ gives:
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where 7(C) = —U"(C)C/U’'(C) denotes the (local) relative risk aversion of the individual. Hence,

market completeness pins down the effect of the realization of sy = §, relative to the baseline sy =5,
on consumption: it depends on the relative prices of the Arrow-Debreu securities associated to these
events (the sensitivity of the stochastic discount factor to the realization of sp) divided by the agent
relative risk aversion.

We can use this equation to pin down the welfare gain from the realization of sy = S relative to the
baseline sy = 5. We use the fact that the welfare gain of a shock corresponds, at the first order, to the

10The derivation is standard: multiply the period t budget constraint (A6) by A;, add the change in asset val-
uations between t —1and ¢, Y, Njj ;1 (AP — Ap—1Pc—1) + Biy—1(Ar — Ay_1Q4—1), and take the expectation at
time  — 1 to obtain Ay_1W;;—1 = E;_1 [A¢(Cip — Yis) + AtWi] where Wiy = Y Nji 1P + B :Qr denotes finan-
cial wealth at time t. Substituting out W; ; using the next-period budget constraint and solving forward gives the
result.

1To see why, think of E_1 [-] in the present-value budget constraint as a sum over different states of nature.



present value of the effect of the shock on future consumption, which gives:'?
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where the second equality uses (A10) and the third equality uses (A11). This equation expresses the
welfare effect of the shock sy = s relative to the baseline sy = §in terms of its effect on the stochastic
discount factor (i.e., the relative price of insurance for one state relative to the other) as well as individual
preferences.

It is important to realize that complete markets do not imply that the welfare effect of a shock is
equalized across agents. Instead, what complete markets imply is that agents equate the marginal ben-
efit of being a bit more insured with its marginal cost, given by the price of the Arrow-Debreu security
associated with the state (A10). Complete markets do not imply people choose the same level of insur-
ance in equilibrium. In particular, (A8’) implies that more risk-averse agents are typically less exposed
to aggregate shocks in equilibrium.'?

This formula, which pins down the welfare gain in terms of its effect on the stochastic discount
factor and individual preferences, is consistent with our earlier “sufficient statistic” formula (A8), which
expresses it in terms of endogenous portfolio choices. While the new formula helps to understand
the optimal amount of “welfare exposure” chosen by the individual when markets are complete, our
“sufficient statistic” formula is still preferable in an empirical context because it is valid whether or not
markets are complete.

While our results already imply the equivalence between the two formulas, it is helpful to derive it
manually. Note that any portfolio strategy chosen by the agent must satisfy, at each time and in each
state of nature:
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where C;; is given by (A10). Differentiating with respect to the realization of sy = 5 relative to sp = 5
gives
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12See Proposition A13 in Appendix E.2.

130ne analogy is an economy in which entrepreneurs with decreasing return to scale production function can
borrow at some interest rate r. Entrepreneurs invest until the marginal return on capital is equal to the interest rate,
but that does not necessarily imply that the average return to capital is equalized across entrepreneurs.



Taking the present value and rearranging gives
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where the second equality comes from the properties of the stochastic discount factor. Remember that
the left-hand side is pinned down by (A8’). Hence, any trading strategy that implements the agent’s op-
timal consumption plan (A10) will return the same welfare gain when used as an input to our sufficient
statistic formula. Notice that if an empirical researcher were to look only at how the realization of s af-
fects capital income ADy ; and labor income AY; ;, they would potentially miss an important component

of welfare gains: the one that operates via changes in asset prices APy ; and interest rates AQ;.

Ability to trade financial derivatives. We started this section by specifying an exogenous set of
financial assets available to trade and then assuming that this set was big enough to make markets
complete. We now ask: what if agents can directly purchase financial derivatives? In this case, we now
show that our sufficient statistic formula (A8) still holds, but that one needs to take into account the
effect of the shock on the synthetic dividends associated with these new derivatives. Put differently,
even if the original shock corresponds to a pure change in the price of fundamental assets (i.e., no
difference in dividends ADy; between the events sp = 5 and sy = 5), it may generate changes in the
synthetic dividends exchanged by agents (as agents may trade derivatives with cash flows dependent
on the realization of s).

One important example is when the individual trades the entire set of Arrow-Debreu securities at
time t = —1. That is, the agent decides at time f = —1 to buy a financial derivative that gives a flow
of synthetic dividends D; ;(so,...,st) = Cit(so,...,5¢) — Yit(s0,...,5t) at each time t > 0, where C; ; is
given by (A4). Note that the fair value of this derivative exactly corresponds to the amount of financial
wealth that the individual starts with, W; _;, given in (A9). Applying our sufficient statistic formula
(A8) to this trading strategy yields:

AV gy M (ACi —AY,)  + AY, +0(0).
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This formula, which captures welfare gains through the present value of changes in (synthetic) divi-
dends of these derivatives, correctly recovers the welfare gain given in Formula (A8’). More generally,
any trading strategy used to sustain the optimal path of consumption pinned down by (A4) will end
up giving the same welfare gains through our sufficient statistic formula — the only difference is that,
when agents trade financial derivatives, it is important to include changes in synthetic dividends to cap-
ture the full welfare gains. In practice, when implementing our sufficient statistic approach to the data,
we do ignore welfare gains through changes in derivative cash flows as their importance in household
portfolios is negligible.'*

14According to data from Statistical Norway, the value of financial derivatives in 2024q1l represents less than
0.0004% of assets in the household sector.



Market clearing. For now, we have focused on the partial equilibrium setup of an individual i facing
an exogenous set of financial assets big enough that markets are complete. We now use these results
to study the welfare gain of a shock in a general equilibrium economy in which markets are complete.
Note that this is a strong assumption in our context, as, in particular, newborns cannot perfectly insure
themselves with respect to the state of the economy they are born in.

More precisely, we now consider a general equilibrium endowment economy with I individuals
and an exogenous path for individual labor income Y;; and dividend income {Dj;},. For simplicity,
we normalize each asset’s total number of shares to one. Equilibrium asset prices are such that total
consumption across individuals equals total income:

i I K
Y Cir=) Yit+ Y Dy
=1 i=1 k=1

Differentiating with respect to the realization of sy = 5 relative to sy = 5, and combining with Equation
(A11) gives
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This equation expresses the (equilibrium) effect of the realization of sy = §, relative to sy = 5, on the
stochastic discount factor in terms of its (exogenous) effect on aggregate labor and dividend income,
divided by the consumption-weighted harmonic mean of the relative risk aversion of individuals in
the economy. Combining this formula with (A8’) gives the welfare gain from the realization of s) = 5,
relative to sy = s, for each individual:
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This expression recovers the general idea that, with complete markets, agents” welfare is only exposed
to shocks that affect aggregate income.

To conclude this section, note that we have derived three distinct expressions for the welfare gain
resulting from a small shock: (A8), (A8’), and (A8”). The first expression(A8), which serves as our
sufficient statistic, is the most appropriate formula to take to the data, as it holds regardless of whether
markets are complete; in contrast, (A8’) requires that the agent can trade a set of financial assets large

enough to span all contingencies, while (A8”) requires that all agents in the economy can do so.'

A.3 Welfare gains in general equilibrium

We now discuss applying our sufficient statistic in a general equilibrium framework. Denote a set of
fundamental economic parameters by a vector {z;}7° ,, which could reflect technological productivity,
policy, and so on. The thought experiment that we consider in this context is to perturb the path of
zt by 0Az;, where 6 scales the deviation of the shock, and compute its welfare effect, both through its
effect on asset prices and income (i.e., dividend and labor income): dP; = dgP;df, dQ; = dpQ; db,
dDy; = dgDy ;df, dY;; = 9gYy; df. An application of Proposition Al then yields

150f course, the advantage of (A8') and (A8”) is that they give sharper predictions on welfare gains, as they
express them in terms of the (exogenous) shocks in aggregate endowment and household preferences rather than
their (endogenous) portfolio decision.
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o)

K K
dVio/U'(Cip) = Y Ry, ( Y (Nigst—1— Nigs)dPer — By dQr + Y Njjs—1Dy s+ dYiy ) (A12)
=0 k=1 k=1

Effect of z; through asset prices Effect of z; through income

This equation quantify the redistributive effect of a fundamental shock to the economy, which impacts
income and asset prices.

We now give a concrete example of asset-price redistribution in general equilibrium. We consider an
environment with two assets: an asset in fixed supply (i.e., claim to land) and a reproducible asset (i.e.,
productive capital). We analyze the redistributive effects associated with a perturbation of cash flows
and productivity, disentangling the impacts of asset prices versus income. We start with extending
the baseline model with arbitrary household heterogeneity, then specialize to a two-period OLG model
with closed-form solutions.

A.3.1 General equilibrium model with production

We now consider a general-equilibrium extension of the baseline model with production motivated
by the verbal discussion in Krugman (2021).1° There are two assets: elastically supplied productive
capital and an inelastically supplied long-lived asset (land). Households can convert the final good into
physical capital K;;1 one-for-one. Capital depreciates at rate 0 < § < 1. There is a representative firm
that operates an AK technology Y; = A;K;. Denoting by A; = A; + 1 — ¢ the total return to capital, the
equilibrium rental rate of capital at time f must equal A;. The other asset (land) can be traded without
adjustment costs. As in the baseline model, N denotes the number of shares, D the cash flows per share,
and P the price per share. The supply of shares is fixed and normalized to a total of one. The cash flows
and productivity {D;, At }{2, are exogenous, and land prices { P; }{°; are endogenous.
The household problem is

[ee]
Vip = max ﬁtU(C-,t)
Z {Cit Nijpy1Kip1}524 E] v

st Cip+ (Nig = Nip—1) Pt + Kjpi1 = Yip + Nip Dy + ArKip.
The equilibrium price P is the solution to a system of two equations:

Piy1+D !
% = A;, ZNI'J -1

t i=1
First, the land price Py must make households indifferent between investing in land or capital. Second,
the sum of land holdings must equal its fixed supply N. Since, in equilibrium, households are indiffer-
ent between the two assets, and therefore the equilibrium portfolios are indeterminate, we assume that

they all hold the same portfolio shares: Ki,tf%\t]i,t p = Kfi' p,- Solving forward and assuming no bubbles,
we obtain a closed-form expression for land prices:

Po= Z A0_—1>tDtr
t=0

where Ag_; = A1 - Ap - - - Ay is the cumulative gross rental rate of capital. No arbitrage implies that the
equilibrium discount rate Rojt = A(;lt is simply pinned down only by productivity.

16We thank the editor Andy Atkeson for suggesting the material in this section.
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Consider an arbitrary perturbation of productivity {dA;};>o. Even though the perturbation does
not affect the cash flows generated by land, it does move the value of land due to its effect on equilib-

rium discount rates:

0—t

dpPy = Y d(AyL,)Dr.
t=0

A negative productivity shock increases the value of land. A direct application of (A12) yields

dVio/U'(Cip) = Y At ,(Niym1 — Ny ) dPe+ Y Agt K dA;
=0 =0

-4

—_——
Welfare gain through asset prices ~ Welfare gain through income

The first term, “Welfare gain through asset prices,” sums up to zero across households because financial
assets are in fixed supply. However, the second term, which accounts for the increased capital income,
does not sum up to zero. The idea is that productivity shocks not only lead to aggregate changes in
consumption, but they also lead to redistribution between buyers and sellers of land due to their effect
on discount rates.

The cross-sectional correlation between the two components of welfare change will ultimately de-
pend on the details of the model (i.e., the economic forces that determine household-level financial
transactions). We now consider a special case of the model where we can sign the total welfare gains
across old and young, both for productivity shocks and cash-flow shocks.

A.3.2 An analytically tractable special case: two-period OLG

(Unless stated otherwise, we use the same notation as in the model above.) Consider an economy
where a new cohort is born each year ¢+ > —1. Each cohort lives for two periods and has a subjective
discount factor B € (0,1). Households in cohort t are endowed with labor income Y; when young
and zero when old. The cohort born at t = —1 is endowed with all the land (N_1 = 1). As before,
denote the (ex-dividend) price of land at time t as P, and the one-period holding return on land by
Ri+1 = (Dt41 + Piy1)/ Py, where Dy is the dividend from land at time ¢. Denote by N the share of land
owned by cohort ¢ at the end of period t.

Setup and equilibrium. The problem of the young in period t > 0 is
Vi= max log(C;) + Blog(C),
ol g(Ct) + plog(Ct)
st. Ct+ NP+ Kipq1 =Yt
Ct = Ni(Diy1 + Pry1) + Arp1Kiga,

where C; and C} denote consumption when young and old, respectively.
The equilibrium is characterized by individual optimization and market Clearing,U with a familiar

7The equilibrium at time # is characterized by three equations in three unknowns (Cy, Ky 41, Pr):

1 _ Riyq
Gt Diiq + Prypr + A1 K
1 A1

C 'BDtH + Py + A Kipr
Ci=Yi— P —Kip1.

In addition, we impose a restriction on the primitives { A, Dt};"’zo to ensure no bubbles: lim7_,, % = +oo (see
Hirano and Toda, accepted). As before, we assume that all households within a cohort hold the same portfolio.
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solution given by

1
C=—Y;, Ci=D P, A; 1K
t 1+ﬁt t t+1 T Pry1 + A1 K
B 1
K = Y —P., P= E A Ds.
t+1 1+’B t tes t e t—t+sls

In other words, the young save a fraction ﬁ of their income, purchase all of the land from the old, and
invest the rest in physical capital. No arbitrage implies that land value is pinned down by future cash
flows discounted using the return on capital.

Comparative static. Two things matter for equilibrium land prices: future productivity and cash
flows. We now do a comparative static on A; and D at time t = 0 (i.e., transitory MIT shock). We
call the generations born at t = —1 and ¢ = 0 respectively “the old” and “the young”. The old’s value
function is simply V_; = BlogC’,. Applying (A12), which decomposes total welfare gains into the

contribution of asset prices and income, we have:

(Welfare gain of the old) dv’,/u'(c.,)
(Welfare gain of the young) dVp/u'(Co)

dpy, + 0
—dpy + A;l(leJrKldAl)
0 + Al_l(dD1+K1dA1).

(Sum of welfare gains)

As in Proposition A1, welfare gains are the sum of two terms. The first term is the contribution of
changes in asset prices, which has opposite signs for the young (who buy the asset) and the old (who
sell the asset). The second term is the contribution of (capital) income.

Table Al: Welfare gain decomposition in general equilibrium

Welfare gains

Through prices Through income Total

Productivity shock (dA < 0)

Old + 0 +

Young - - -

Aggregate 0 - -
Cash-flow shock (dD > 0)

Old + 0 +

Young - + 0

Aggregate 0 + +

Notes. “Total” is the sum of welfare effect within group; “Aggregate” is the sum of a welfare effect across groups; “+” means

“_n

positive, “-” means negative.

Using the fact that dP; = 0 for all t > 1, we have a closed form solution for the land price deviation:
dPy = (—PydA; +dD;). This equation allows us to sign the total welfare gains in the model. Table
Al reports the results. For the productivity shock experiment, we consider dA; < 0, and for the cash-
flow shock, we consider dD; > 0. In both cases, land prices increase (i.e., dPy > 0), which implies
a redistribution from young to old. However, the contribution of income depends on the shock. In
the case of the productivity shock, income declines for the young. In the case of the cash-flow shock,
income increases for the young. Summing up, the total welfare gain associated with these shocks is
always positive for the old but can be negative or zero for the young.
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Stochastic shock. So far, we have considered a comparative static experiment. Following the logic
from Appendix A.2.2, we can instead consider the welfare effect of a stochastic shock between two
different states.

Suppose that the economy is deterministic as before, except that, at time t = 0, the state s € {5,5} is
drawn with probability (1 — 7, 77), which determines the path of exogenous variables { A¢(s), D¢(s) } 2.
We consider the same experiment as in the deterministic case (i.e., one-time shock). Denoting the size
of the shocks to productivity and cash flows by AA; = A;(5) — A:(S) and ADy = Dy(S) — Dy(5), we

consider the temporary shock.

(0AA,6AD), ift=1

(AA;, ADy) =
0, ift£1,

where the parameter 6 indexes the size of the shock. Similarly, define the difference in welfare between
the two states by AV; = V;(5) — V;(5).

There are only two possible states of the world and two assets. As a result, markets are complete
from the point of view of agents alive at time —1. However, because this cohort cannot trade securities
with unborn agents (the young that will arrive at time t = —1), they cannot share risk across genera-
tions. Hence, the exposure of each type of agent remains unchanged compared to the economy with

MIT shocks, and the welfare gains associated with state s = 5 occurring, relative to s = 5 are given by:

(Welfare gain of the old) AV_y/u'(C)
(Welfare gain of the young) AVy/U'(Co)

APy + 0
—APy + Al (AD1+K1AA1)
0 + A7'(AD1+KidAL).

%

%

Q

(Sum of welfare gains)

The formulas for welfare gains are the same as in the economy with MIT shocks, except that they are
now approximate, as the shocks are non-infinitesimal. In particular, the comparative statics from Table
Al remain correct.

Stochastic shocks with ex-ante risk-sharing. Suppose that the environment is exactly as before,
except that we now allow young agents, who will only arrive in the economy at time ¢t = 0, to trade
with other agents at time ¢ = —1; that is, before they are “born” — in other words, we are breaking the
typical OLG incompleteness. Because there are two possible states and two assets (land and capital),

markets are complete, and so, applying the general results in Appendix A.2.2:

ﬁ — ACLl =0
Co c', ’

This equation says that the realization of the state s € {5,5} does not affect the consumption of either
cohort at t = 0. This equation is derived as follows: complete markets imply that agents equate the
relative growth of their consumption among each other (see Equation A11). Because aggregate income
at t = 0 is not affected by the realization of the shock, market clearing then implies that the relative
growth of consumption is zero for each agent.

How can agents implement this allocation? One way to do so is for the young to buy all the land
from the old at t = —1 while selling them capital (or issuing riskless bonds) to finance their purchases.
In this case, no land sale would be observed at t = 0 (i.e., after the realization of the shock), and so
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applying our sufficient statistic formula would give:

(Welfare gain of the old) AV_/u’(C",)
(Welfare gain of the young) AVp/U'(Co)

0x APy + 0
—0x APy + Al (ADl n KlAAl)

%

%

(Sum of welfare gains) ~ 0 + Afl (AD1 + KlAAl).

While this ex-ante trading stage affects trading patterns and the welfare gains of an aggregate shock,
our sufficient statistic formula, which pins down welfare gains given trading patterns, remains valid (see
the discussion in Appendix A.2.2). Finally, note that another way to implement this allocation would
be for agents to use future contracts instead of buying land early; that is, to use derivatives, allowing
them to “lock in” the price of the transaction ex-ante. In this case too, our sufficient statistic formula
would remain correct, since there would be no deviation in the transaction price of the asset exchanged
by individuals.'®

One key takeaway from this exercise is that, faced with a shock that affects asset prices at some
time f = 0 (but that do not impact aggregate income at time ¢+ = 0), optimizing agents would prefer to
trade assets before the shock takes place to avoid any type of redistributive effect ex-post. Of course, it
is not always possible to do so, as, in reality, existing generations cannot contract with future (unborn)

generations.

A.4 Extensions

A.4.1 Individual preferences

Assets in the utility function. We now examine the welfare effect of asset-price deviations in the
presence of assets in the utility function. Our main finding is that whether or not agents directly derive
utility from asset ownership does not matter for our sufficient statistic: it is only when agents directly
derive utility from the price of these assets that the welfare-gains formula needs to be adjusted.

For simplicity, we consider a two-asset version of the baseline model:

o0
Vio = max ,Btu(citrNit/Ptl Bis, Qt)f
{CitNigBis} E)

subject to budget constraints at each period t > 0
Cit + (Nig — Nip—1) Pt + B;1Qr + X(Niy — Nip—1) = Yis + Bip1.

The case U(Cit, Nit, P, Biy, Q) = U(C;;), coincides with the baseline model (i.e., assets ownership
does not affect flow utility directly). The case U(C;;, N, Pt, Bi, Qt) = U(Cit, Njy, Biy) means that
individuals value the number of assets that they own directly (e.g., agents value owning a house relative
to renting it). The case U(C; ¢, Njt, Pt, Bit, Qt) = N; Py + B; 1Q; means that individuals value the market
value of their wealth directly.

Proposition A3. In the presence of assets in the utility function, the welfare gain implied by a price deviation

18In the context of changes in interest rates, this could also be implemented by interest rate swaps.
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{th, dpt }?0:0 is:

dVio o o1

= Y R ((Nis1 — Niy)dP; — B;,dQ

dcU(Cio, Nio, Po, Bip, Qo) t;’) 01 (Nig1 i) dPr = By dQr)
apu(ci,t/ Ni,t/ Pt/ Bi,tl Qt)

+ )Ry dp; +
Z o (aCu(Ci,trNi,t/Pt/Bi,t/Qt) !

0oU(C;, Ny, Pr, Bit, Q1) th>
ocU(Ciy, N, Pr, B, Q1)

Proof of Proposition A3. The Lagrangian associated with the individual problem is

L= Z B'U(C;t, Niy, Pr, Biy, Q)
t=0

[ee]
+ Y A (Yip + Nig—1Dt + Biy—1 — Cip — (Njy — Niy—1) Pt — B Qs — x(Niy — Niy—1)) -
=0

Totally differentiating the welfare function using the envelope theorem, we obtain

[ee] [ee] a
dVip = Z Li dPt + 2 agl dQ;,

Nij¢—1)dP; — B;;dQ;)

(0pU(Cit, Nit, Pt, Biy, Qp) APy + 90U (Cit, Niy, Pr, Biy, Qp) dQy)

- L
i

= dcU(Cip, Nig, Po, Bip, Qo) Z Ry, ((Njt—1— Niy) dP; — B;; dQy)
t=0

apu Ci IN' rPtlB‘ er

+aCu< 10/N10/PO/ 10/Q0 ZRO_ﬁ< ( Cuidab it )

dp; +
aCu(Ci,t/ Ni,t/ Pf/ Bi,t/ Qt) !

aQu(Ci,tI Ni,t/ Pt/ Bi,t/ Qf) th>
aCu(Ci,t/ Ni,t/ Pf/ Bi,t/ Qt) ’

where the last line uses the FOC with respect to B;;, A; ;Qt = A; 411, as well as the FOC with respect to
Cit, 0cU(Cit, Niy, P, Biy, Qr) = Ajge O

Endogenous labor supply. We now examine the welfare effect of price deviations in the case where
the agent optimally chooses labor supply. Our main finding is that this extension does not affect the
welfare gains of an infinitesimal deviation in asset prices as a result of the envelope theorem.

Formally, we consider the following two-asset model. Agents maximize the utility from consump-
tion and leisure

Vig = max BU(Cit 1 —Liy),
v {CltLHNltht}tZ l ,

subject to budget constraints at each period t > 0
it + (Nit = Nip—1)Pr + Bi1Qt + X(Nit — Nig—1) = witLit + Bi1.

Note that, relative to the baseline model, labor income takes the form w;;L;; where w;; denotes the
wage and L;; denotes the quantity of labor, which the agent optimally chooses to maximize utility. We
assume that U(+, -) is increasing and concave with respect to each of its arguments.

Proposition A4. The welfare gain implied by a price deviation {dQy, dP;}$2 ) remains the same in the presence

16



of endogenous labor supply; that is, the welfare gain is:

dVio/U'(Cip) = Y Ry, (Niy—1 — Nis) dPy — B dQy) .
t=0

Proof of Proposition A4. The Lagrangian associated with the individual problem is

Li=Y B'U(Cit1— Liy)
=0

+ Y Aig (weLip + NiyDy + Biy—1 — Ciy — (Niy — Njp—1) Pr — BiyQr — x(Njy — Niy—1)).
=0

Totally differentiating the welfare function using the envelope theorem, we obtain

> dL; = dL;
dVig =) =5 dP + =dQ,
! t;) aPt =0 aQt

= Z At (—(Njt — Njp—1)dPr — B; ; dQy)
=0
=3¢, U(Cio,1—Lig) Y Ry, (Nig—1 — Niy) dP; — B;; dQy),
=0

where the last line uses the FOC with respect to B;;, A;;Q = A;;4+1 and the FOC with respect to C; g,
¢, U(Cip, 1= Lip) = Aip. O

A.4.2 Finite lives and bequests

We now examine the welfare effect of asset-price deviations when individuals have finite lives. For ped-
agogical reasons, we first consider the case in which individuals do not care about future generations
and hence die with exactly zero assets. We then move on to the more realistic case in which individuals
care about future generations, distinguishing between the altruistic and the “warm-glow” bequest mo-
tives. Finally, we discuss the extent to which our notion of welfare gains still captures the present value
of the deviation of consumption with inter-generational linkages.

Finite lives. We consider an individual who will die with certainty at some horizon T with no off-
spring and hence no reason to leave bequests. We restrict ourselves to a two-asset version of the baseline
model for simplicity. More precisely, the individual solves the following optimization problem:

T
Vio = max ﬁtU(C-,t)
l {Cit,Nit,Bit} t;:) v

subject to budget constraints at each period t = 0,1, ..., T
Cij + (Nit — Nip—1)Pr + BiyQr + X (Nit — Nijg—1) = Yir + Njp—1D¢ + Bj 1,

and with terminal holdings N; 7 > 0 and B; 1 > 0. Note that these constraints will bind at the optimum,
implying that the individual will deplete their assets completely by the end of their life."” These sales
then show up in our welfare-gains formula, as shown in the following proposition.

19Alternatively, we could impose the weaker terminal condition that terminal wealth is non-negative; that is,
N;7Pr + B; 7Qr > 0. In this alternative formulation, the individual is allowed to die with debt B; Q7 < 0, in
which case an asset sale N; 7Pr would happen right after the individual’s death, so as to pay off this debt (e.g.,

17



Proposition A5. For an individual with a finite life of length T and no offspring, the welfare gain of an infinites-
imal deviation in asset prices is

T
dVio/U'(Ci0) = 1 Ro% ((Nyg-1 = Niy) dPi — By dQr). (A13)
This result is the same as the one obtained in the baseline model (i.e., for the case of an infinitely-
lived individual), except for the presence of T in the summation. Intuitively, the individual optimally
sells off all of their assets before they die. When asset valuations rise, this generates a welfare gain.
While finite lives result in a different time path for optimal asset transactions, the way these asset trans-
actions show up in our welfare-gains formula is the same as with infinitely-lived individuals.

Proof of Proposition A5. The Lagrangian associated with the individual problem is
T
L= Z B'U(Cir)
+Z/\zt Yt +Nijt—1Di +Bjy1 —Cip — (Nijy — Niy—1) Pt — B; Q¢ — X(Njy — Niy_1))

+ uinNiT + #iBiT,

where y; y and y; p are the Lagrange multipliers on the terminal conditions N;7 > 0 and B;1 > 0.
Totally differentiating the welfare function using the envelope theorem and following the same steps as
in the proof of Proposition 1

T oL, LY
dVip = Z aptl dp + Z an dQs,

= Z Aip (= (Nit — Nip—1)dPr — B dQt)
=U'(Cip Z Ry, ((Njy—1 — Nyy)dP; — B; dQy),

where the second equality uses that the terms p; yN; 7 and y; pB; 1 in the Lagrangian do not depend on
asset prices { P, Qt}tT:o' O

conducted by the bank or executor of the individual’s will). Differentiating the corresponding Lagrangian

L= Z,BU it JFZAM i+ Niy—1Dt+Biy1—Cit — (Nip — Nip—1) Pr — Bi1Qs — x(Niy — Njy_1))

+ 141( iTPr+ B, TQT)
and using the first-order conditions for N;r and B;r, A;7Pr = w;Pr and A;7Qr = y;Qr, would lead to the

following formula for welfare gains

dV;o/U'(C ZROM Njt—1 — Nij) dPy — B;;dQy) + Ry 1 (N; r dPr + B; 7 dQr).

This formula is the same as (A13) in Proposition A5, although one needs to take into account the additional asset
sales at time T right after the person’s death. The intuition is that there is no economic difference in whether the
person makes these sales before they die (the formulation in the main text) or the executor of the will doing it (the
formulation in this footnote).
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Finite lives with altruistic preferences. We now consider an individual with altruistic prefer-
ences. More precisely, we consider the following value function for individual i

Vip = BU(Ciy) + 9V (A14)
{CthztBlt/GNltGth}tZ l

which captures the fact that the individual cares about their consumption and the one of some agent j,

which could represent an heir or a parent. We allow individual i to transfer assets to individual j at any

point in time and so the sequence of budget constraints becomes
Cijt + (Nit = Nip—1) Pt + Bi1Qr + X (Nip — Nig—1) = Nip—1Dr + Biy—1 + Yip — Gn,itPt — Gp,i ¢ Qr, (A15)

where {Gy it }52, and {Gp i}, denote a path of transfers (through bequests or inter-vivos transfers)
from individual i to individual j. As above, we assume that terminal holdings satisfy N;r > 0 and
BT > 0.

Consider a small deviation in the path of asset prices. Similar to the baseline model, we define
the welfare gain of the deviation as the amount of money received at ¢+ = 0 that would generate an
equivalent change in the welfare of individual i (i.e., equivalent variation). Because of altruistic pref-
erences, we need to specify what happens to agent j across these two counterfactuals. Specifically, we
assume that the value function of agent j is held constant across these two counterfactuals. This can be
interpreted as the equivalent variation for individual i under the assumption that the deviation in asset
prices affects only them, or, alternatively, as the equivalent variation for individual i assuming that agent
j has already received their equivalent variation.

Proposition A6. With finite lives and altruistic preferences, the welfare gain of an infinitesimal deviation in
asset prices is:
S
dVio/U'(Cip) = Y Ro; (Niy—1 — Niy — Gnit) dPr — (Bjy — Gpip) dQy) .
t=0

Proof of Proposition A6. The Lagrangian associated with the optimization problem of individual i is
L= 2,3 U(Cjy) + 0V 0+Z/\zt it—1Dt + Bip 1+ Yip — GNP — Gp it Q
—Cit — (Nit — Nip—1) Pr — Bi1Qr — x(Njy — Niy-1)) .

Totally differentiating the welfare function using the envelope theorem gives

2 0L; 2 0L;
dVip = Z 9D, -dP; + Z an dQ,

T
2 — (Nit = Nij—1+ Gn,it) dPr — (Biy + Gp,i) dQt),

where the second line uses the fact that, in our thought experiment, we set the partial derivative of the
value function of j with respect to asset prices to zero. Combining the FOCs for the liquid asset and for
consumption at time t = 0 gives A;; = U’ (Ci,o)Ra_l,t' Plugging into the previous formula dV; gives the
result. O

Finite lives with warm glow preferences. We now discuss the alternative case where individuals
have warm glow preferences; that is, individuals care about their own consumption and the value of
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their bequests. More precisely, we assume that the individual value function is

T
Vi,O B {Ci/t,Ni,frgﬂ,aGXN/i,r,GB,i/t} t;o ‘Bt (U(Ci,t) " U(Gi,N’t’ Pt, Gi’B,t, Qt) ) ' (A16)
where {Gn;¢}$2, and {Gp;}{2, denote the path of asset transfers from individual i to other agents.
Finally, we assume that the budget constraints are the same as the one with altruistic preferences (A15).
As in the baseline model, we define the welfare gain as the amount of money that would generate an
equivalent change in individual welfare.

While this type of preference is often used in the macro-literature (e.g., De Nardi, 2004), note that it
is less adapted to welfare assessments than the altruistic model. To take an example, these preferences
imply that parents strictly value a deviation that allows them to increase the bequest to their children by
one dollar, even if the deviation simultaneously costs their children $X dollars, where X is an arbitrary
number.

Proposition A7. With finite lives and warm glow preferences, the welfare gain of an infinitesimal deviation in
asset prices is:

T
dVio/U'(Cip) = Y Ry, ( (Nit—1 — Njs — Gn,it) dPr — (Bj; + Gp i) dQs
=0

1 _ouU 1 U

ou U
4l gp th>.
Q1 3G g Qi 3G gy

Relative to the sufficient statistic obtained in the baseline model (the one we take to the data), there
is an additional term that accounts for the impact of warm glow preferences.”’ The key takeaway of this
extension is the same as in Appendix A.4.1 (which examines the case of assets in the utility function):
the welfare formula only gains an additional term when agents care about the value of asset prices per
se.

More specifically, when individuals only care about the quantity of assets bequeathed to their
heirs rather than their price (i.e., U(Gint Pt Gipt, Qr) = U(Gint Gipt)), the additional term at-
tributable to warm glow preferences reduces to zero. In the context of housing, this assumption im-
plies that parents value the physical quantity of real estate (e.g., square meters) passed on to their
children, rather than its market value. A contrasting special case occurs when individuals care in-
stead about the total market value of assets transferred to their heirs (i.e., U(Gjn Pt, Gipt, Qr) =
U (GNPt + G p+Qr)). Under this specification, the additional term associated with warm glow pref-
erences simplifies to E;‘FZO R(LlT(Gi,N,t dP: + G; g+ dQr), representing the present value of the effect of
price deviations on the market value of transferred assets.

Proof of Proposition A7. The Lagrangian associated with the optimization problem of individual i is

T T

Li=Y B (U(Cit) +U(Gint P Gipr Q) + Y Air (Ni,t—lDt +Bit1+Yit —Gn,itPr— GpitQt — Ci
t=0 t=0

— (Njt — Njt—1) Pr— Bi 1Qt — x(N;; — Ni,t—l))-

20This additional term can be interpreted as the amount the parent could consume to maintain a constant utility
value of bequests despite the deviation in asset valuations.
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The envelope theorem gives

® 9L; ® AL;
dVio = Z aptl dp, + Z 5 Q’ do;,

= Z ﬁt ( > + Z Ait (—(Nijt — Nip—1 +Gnit) dPr — (Biy + Giy) dQy) .

Using the FOC with respect to inter-vivos transfers of the liquid asset at time ¢ gives ,Bt aG v Ai 1 Qt.
Combining with the previous equation gives

ou ou

T
ap; Qs
dVio =Y Ais | = (Nig = Niyo1+ Gnig) dPr — (Bis + Giy) Qs + % dP + < Q’ dQs

t=0 Qo th g i,B,t

Combining the FOCs for the liquid asset and for consumption at time + = 0 gives A;; = U’ (Cl-,O)RO__l> "
Plugging into the previous formula dV; y gives the result. O

PV of consumption response with inter-vivos transfers. In the baseline infinite-horizon model,
our sufficient statistic formula for welfare gains (i.e., the present value of asset transactions interacted
by deviations in asset prices) equals the present value of the actual response in individual consumption
to the deviation in asset prices.”! This equivalence no longer applies in a model with inter-generational
links since agents can use their trading profits to either increase consumption or transfer more to other
agents. We now show that, with inter-vivos transfers, our sufficient statistic formula corresponds to the
present value of the actual response in individual consumption plus in individual net transfers.

More precisely, we consider a model where individuals have either altruism or warm glow prefer-
ences (i.e., with a value function given by Equation A14 or Equation A16). Agents can give or receive
assets over time, and we denote {Gy ;; } 5>, and {Gg i+ } 2, the path of net inter-vivos gifts from individ-
ual i. We consider a deviation in the path of asset prices {dP;, dQ;}{°,. Differentiating the individual
budget constraint (A15) gives

dCi; + P(dN;j; —dNj;—1) + (Nijy — Nijy—1) dPr + Q¢ dB;s + B dQs + x'(Ni¢ — Nit—1)(dNjy — dNj;_1)
= DydN;y_1 +dB;;—1 — PrdGyit — Gn,iy AP — Qr dGp it — Gp,ip Q.

Taking the present value, aggregating across time periods, and rearranging gives
Lo
Y Ry2; (dCip 4+ PrdGy i + Qe dGp i) Z Ry, ((Njg—1 — Niy — Gn,i) dPr — (Biy + Gp i) dQr)
0
+ Z Ry, (DydNj;—1 — Pi(dN;; — dNjy—q) — X' (Niy — Nip—1)(dN;; — dNj; 1))

+ Z Ry, (dBis—1 — QidBjy).
=0

21Gee Proposition A13 for a formal statement.
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Rearranging the last two terms:
T

Y Ry, (dCi¢ + PrdGn,iy + Qi dGg i) = Z Ryt (Njg—1 — Niy — Gn,it) dPr — (Bis + Gp i) dQr)
0

+ Z Ry (R (Desa + Prot + X' (Nigs1 = Nig)) = x' (Nig = Nyg 1) = ) Ny

+ 2 RO—>t ( t+1 Qf) det

The FOCs for asset holdings N; ; implies that the second line is zero while the definition of R, implies
that the third line is zero, and so we get:

T

T
Y Ry2; (dCi+ PrdGn i + Qe dGpis) = Y Ry, (Nijg—1 — Nip — Gni) dPr — (Biy + G i) dQy) .
0 =0

PV of response of consumption + net transfers PV of trading profits (sufficient statistic)

This equation shows that, in the presence of inter-vivos transfers, our baseline sufficient statistic formula
equals the present value of the response of consumption and net transfers to the deviation in asset
prices. Intuitively, this equation says that, in a present-value term, any increase in trading profits due
to the deviation in asset prices must be consumed or transferred to other agents.

One implication is that, in the presence of intergenerational transfers, our baseline sufficient statistic
formula captures the present value of the effect of asset prices on consumption only under the additional
assumption that the quantity of assets given through inter-vivos transfers does not change in response to
the deviation in asset prices. For instance, in the context of housing, this says that changes in asset prices
do not affect the physical quantity of real estate (e.g., square meters) parents leave to their children.

In reality, this term could be positive or negative. On the one hand, agents may want to transfer
more assets to their children in response to rising asset prices to compensate them for their welfare
loss. On the other hand, agents may react to rising asset prices by borrowing more, leaving larger
outstanding debt balances to their children (due to a pure substitution effect or a relaxation of borrowing
constraints, as in Section IV.B).

A.4.3 Businesses

In the baseline model, we examined the welfare effect of changes in the path of the price of an asset
{P:}72, holding constant its dividends {D; }; ,. However, this assumption is not adapted to businesses
that themselves buy and sell financial assets, as changes in asset prices will typically affect their div-
idend payments. This appendix explains how we adapt our methodology to take into account such
financial transactions by businesses. For example, it explains the reasoning behind our empirical mea-
sure for the equity-valuation ratio used in Section II.B, which is unaffected by share repurchases and is
capital-structure neutral.

The case of share repurchase. It is helpful to start with an example in which a business can only
make one type of financial transaction: repurchase its own shares. Formally, consider a business that
produces an income stream (i.e., earnings minus investment) {I1;}{°, from its fundamental (e.g., non-
financial) operations. These cash flows are distributed to shareholders through both dividends and

share repurchases:

IT; = Ni_1Dt + (Ni—1 = Ny P, (A17)
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where D; denotes the business dividends per share, Py denotes the share price, and N; denotes the total
amount of outstanding shares. When Ny < N;_; the business is repurchasing its own shares. From this
equation, it is already apparent that share repurchases and dividend payments are equivalent means of
distributing cash flows {I1;}* , to shareholders as a whole (more on this shortly). As discussed above,
the presence of share repurchases implies that changes in share prices will mechanically affect the path
of dividends {D;}{2,, as higher share prices will force the firm to either spend more cash to buy the
same amount of shares (which reduces dividends per share in the current period) or to buy fewer shares
with the same amount of cash (which reduces dividends per share in future periods).
Let us consider the budget constraint of an individual i who, for simplicity, can only invest in the
business:
(Niy = Nis—1)Pt = Nijy_1Dt + Yi s — G- (A18)

When the business repurchases its shares (i.e., Ny < N;_1) this results in an income stream (N;;_1 —
N; ;)P for those individuals selling their shares to the business. Denoting by s;; = N; ;/N; the individ-
ual’s ownership share of the business, we can combine the individual and business budget constraints,
(A18) and (A17), to obtain:

(Njt = Nip1 +sip—1(Ne—1 = Np))Pr = 51,111 + Y — G
Denoting by M; = N} P; the market value of the business, we obtain:
(it —sip—1)Mi = s 111 +Y;p — Cip. (A19)

This budget constraint has the same form as (A18), except that (i) the dividend per share D; is replaced
by the income stream from operations I1;, (ii) the price per share P is replaced by the market value of
the firm M;, and (iii) the number of shares held by the individuals N;; is replaced by the ownership
share in the business s; ;. An alternative viewpoint on this consolidated budget constraint is to consider
the return to investing in the business. As usual, the return implied by the non-consolidated budget
constraint is Ryy1 = (Dy41 + Pry1)/ P, ie., the return is the sum of dividend yield and capital gains.
Multiplying and dividing by N}, we have

Ry = NiDiy1 + NiPryy _ NiDiy1 + (Ne = Niw1) g + N P

I+ My
Mpt Mpt Mt ’

where the last equality uses (A17) and the definition of the market value M; = N;P;. Just like the
consolidated budget constraint (A19), writing the return as Ry11 = (IT;41 + M;41)/M; again makes
clear that what ultimately matters are the business’s cash flows {I1;}{ ) and its market value {M;}{2,
and not whether cash flows are distributed to shareholders via dividend payouts or share repurchases.

In our baseline model, we examined the welfare effect of changes in the path of the price of an
asset { P; }7° , holding constant its dividends {D;}{° ;. The consolidated budget constraint (A19) makes
clear that, in the presence of share repurchases, the correct analogous experiment is instead to consider
deviations in the market value of the business, { M }{2 ;, holding constant its income stream {IT;}{° . In
particular, for investors as a whole, it is irrelevant whether the business increases its dividend payments
or share repurchases; what matters instead is whether the firm’s income stream changes {I1;}{2,.

Using a similar reasoning as in Proposition 1, we get that the welfare gain of the individual is

oo

dVio/U'(Cip) = Y Ry (sip—1 — si) dM. (A20)
t=0
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Hence, in the presence of share repurchases, what matters for welfare is not the number of shares N;
directly traded by the individual, but the overall change in his/her ownership share s; ; in the business.
In particular, note that individual welfare gains still aggregate to zero, as ownership shares always
aggregate to one in the population. Similarly, and as already noted, what matters is not deviations in
the share price P; holding constant dividends D; but deviations in the market value M; = NP holding
constant the income stream IT;.

One way to understand expression (A20) is to consider the case of a business that repurchases a
given fraction of its shares every period. A rise in valuations benefits individuals who sell shares to
the business while hurting the owners of the business as the business needs to spend more cash to
purchase the same number of shares. The two effects compensate for individuals who sell a fraction
of their holdings equal to the fraction of outstanding shares purchased by the business, i.e, who have
sit = Si¢—1. On the other hand, for individuals who do not sell any of their shares to the business,
N;; = Nj;_1 so that N;_1 — N; > 0implies s;; = Nj; /Ny < Ny_1/N;_1 = s;;_1, only the second effect
is operational and hence those individuals lose from higher valuations.

The case of arbitrary financial transactions. We now consider the more general case where, every
period, the business can (i) repurchase its own shares, (ii) buy and sell one-period bonds, and (iii) buy
and sell K financial assets. The business budget constraint is:

I + Y Nit—1De + Bio1 = NioaDe + (Npo1 = M) Pe4 Y (Nir — Nir—1) Py + BrQr, (A21)
% k

where, as above, II; denotes the income stream of a business from its non-financial operations, D;
denotes dividends per share, and N; denotes the total amount of outstanding shares. The new part is
N k +» which denotes asset holdings in asset k, and B;, which denotes bond holdings.

Let us consider an individual investing in K financial assets, one-period bonds, as well as in the
business. The individual budget constraint is

(Nit = Nip—1)Pr + Y (Nijer — Nijes—1)Pes + Bip Qs
%

(A22)
= Nit—1Dt + Y _Nijs—1Dps—1 + Bis—1 + Yir — Cip.
k

Combining it with the business budget constraint (A21) gives the following consolidated budget con-

straint:
(Nijp = Nij—1 +ip—1 (Nj—1 = N)) Pe+ Y (Nigr — Nigr1 4 8ip—1 (Nie—1 — Nit)) Pes + (Big + 5i—1Bt) Q
k

= sip-111 + ) (Nigs—1 + Sit—1Nki—1) Dt + (Bijie—1 +5ip—1Bis—1) + Yig — Cip,
k

where, as above, s;; = N;;//N; denotes the individual ownership share in the business.

We can simplify this expression after denoting Ni/k/t = Nkt + sit Ny the individual’s consolidated
shares in asset k of the individuals through its ownership of the business, Ei,t = B;; + s;;8; the individ-
ual’s consolidated bond holdings, and ]\7Il-,t = N Pr — B;1Qt — Y N .+ P+ the market value of the firm

exclusive of financial assets:

(sif — Sip—1)Mi + Y (Nikt — Nigr—1)Pos + BiyQr = sip—1Ili + Y Nijs—1Dys + Bis—1 + Yip — Ciy.
k k
This has the same form as (A22), except that (i) D;, the business dividend per share of the business,
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is replaced by II;, the business income stream from its non-financial operations, (ii) P, the business
price per share, is replaced by M;, the market value of its fundamental (non-financial) component,
(iii) Nj;, the number of shares held by the individual, is replaced by s;;, their ownership share in the
business, and (iv) individual asset holdings in financial assets and one-period bonds, {N;;}; and B,
are replaced by their consolidated ones, {Nj,} and B; ;.

This budget constraint allows us to consider the welfare gain of a deviation in the market value of
the fundamental component of a business, M, holding constant its income stream I1;, together with

our usual deviations in asset prices {P;}~_, Qy:
dVio/U'(Cip) = Y Ry, <(Si,tl —sis)dM; + Y (Njs—1 — Niy) dP; — By th) :
t=0 k

This formula has two main takeaways relative to (A20). First, when measuring individual financial
transactions, we should also account for all of the indirect transactions done through the businesses
that they own (i.e., Ni,t_1 — Ni,t instead of N;;_1 — N; ;). Second, when measuring deviations in business
valuations, we should only consider deviations in the market value of their non-financial components
(i.e., dM; instead of dMy). Put differently, this formula tells us to split businesses between their financial
and non-financial components, and assign their financial components to the individuals who ultimately

own them.

A4.4 Government

We now examine the welfare effect of asset-price deviations in the presence of government transfers.
For simplicity, we consider a two-asset version of the baseline model. Suppose the government makes
targeted transfers to individuals i € {1,...,I}, where T;; denotes the net amount of resources trans-
ferred from the government to individual 7 at time t. The individual problem is now given by

o0
Vio = max ,Btu(c,t)'
: {Cit,Nis,Bir} t;:) l

subject to budget constraints at each period t > 0
Cit+ (Niy —Nijy—1)Pr + B 1Qt + x(Nijy = Niy—1) = Yiy + Tip + Nijy_ 1Dt + By 1.

We assume that the government can trade both assets and thus faces, at each period t > 0, the following

budget constraint:

I
(NG — Ngt-1)Pr + Bg1Qt = Ng 1Dt + Bg -1 — Y_ Tir — x(Ngt — N i—1), (A23)
i-1

where, for simplify, x is assumed to be differentiable. We do not fully specify the government prob-
lem, but we assume that the government’s portfolio choice satisfies the following cost-minimization
condition ,

~ Diy1+ Py — X (Ngis1 — Ng i)

-1
_ , A24
Q P+ x'(Ngt — Ngi-1) (A24)

at every t > 0. The idea is that the government minimizes the cost of borrowing (or alternatively

maximizes the return on saving) by adjusting portfolio shares until the marginal return on the long-
lived asset (net of adjustment costs) is equalized with the bond return.
The following proposition characterizes the welfare gain in the presence of government transfers.
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Proposition A8. In the presence of government transfers, the welfare gain of individual i is
o0
dVio/u'(C 2 Ry, ((Njj—1— Niy)dP; — B;;dQy) + Y R, dTiy.
t=0

Moreover, the aggregate contribution of deviations in government transfers dT; ; to individual welfare is

ZRo_ﬁszzt— ZRO—n‘ (Ng,-1— Ng,t)dPr — B, dQy) -
-1 =0

Proof of Proposition AS. The welfare gain formula follows immediately from the envelope theorem, as in
the baseline model. This proof focuses on the second equation. Differentiating the government budget
constraint (A23), we obtain

I
Z dT;; = (Ngt—1 — Ng,¢) dPy — Bg; dQ:

i=1
— (X'(Ngt — Ng4—1) + P:) dNg s + (Dt + X (Ngt — Ngt-1) + Pt) dNg—1 — QtdBg; +dBg 1.
The sum of aggregate net transfer deviations discounted using the liquid asset return is
o0
Y R, Z dT;; = Z Ry, ((Ng—1 — Ng ) dPy — Bg; dQ;) — Z Ry, (X' (NGt — Ngs—1) + Pt) dNg s

t=0

+ Z Ry, (Dr+ x'(Ngt — Ng-1) + Pr) dNg 41

=0
— Y Ro2QedBgs + ) Ry’ dBg i
=0 =0
[ee] o
=Y Ry, ((Ngt—1—Ngy)dP: — B, dQ:) — Y Ry, (X' (NGt — Ng 1) + Pr) dNg s
=0 =0
+ ) R()__l,t/+1 (Dys1+ X' (Ngpi1 — Ngy) + Puiq) dNG p
e
— ZRO%tQt dBg + Z R, 1 9dBg

f=—1

= Z Ry, ((NGs—1 — Ng,z) AP — Bg, dQr)

- 2 Ro%t( (NGt —Ngi-1) + Pt — Qi (D1 + X' (NG w41 — No ) + Pryq) ) dNg s

Z Ry', ((Ng—1 — Ngy) dPy — Bg;dQy) .
=0

The second equality uses a change of variables t' = t — 1. The third equality uses the fact that Roﬂ 1 =

Ra_l,tQt as well as dNg_1 = dBg_1 = 0. The fourth equality uses the cost-minimization assumption
(A24). O

The formula for the welfare gain of individual 7 differs from that in the baseline model, as it incor-
porates the present value of deviations in net government transfers. The reason is that the government
might respond to asset price changes by adjusting net transfers. Moreover, the second part of Propo-
sition A8 states that the discounted sum of aggregate net transfers to the household sector equals the

“welfare gain of the government”. Note that we obtain this result without making assumptions about
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the government’s objective. It is merely a consequence of government budget constraints.

Taxes on assets In the baseline model, individuals pay no taxes on their asset holdings, transactions
or income generated by these assets. We now consider an extension with four types of taxes: wealth
taxes, asset transaction taxes, taxes on dividend income, and taxes on interest income.

Formally, we consider: (i) a non-linear wealth tax Ty ; on the market value of wealth N;;_1 P, (ii) a
non-linear transaction tax 7, + on the market value of asset sales (N;;_1 — N;;)P;, (iii) a dividend income
tax 7p ; on dividend income N;;_1D;, and (iv) a linear tax T ; on interest income or equivalently on the
cost of buying bonds B;Q;. Individuals maximize

[ee]
Vio = max BU(Ciy)
l {Cit,Ni 1Bt 12 t:Zo v

subject to budget constraints at each period t > 0

(Nit = Nip—1)Pt + Tyt (Nip—1 — Nip)Pr) + x(Nip — Njy—1) + B; 1 Qs (14 70 t)
=Yi;+ Nijy—1Dt — tp+(Nj—1Dt) — T ¢ (Nje—1Pr) + Biy—1 — Cis.

Here the functions 7y ¢(-), Tw (), Tp,+(-) are non-linear and potentially time-dependent tax functions.
Such a specification allows us to capture several features of real-world tax systems. For example, trans-
action taxes often apply on both sales and purchases (i.e., Ty,(-) may be positive and increasing when
Nit—1 — Njy > 0, positive and decreasing when N;;_; — N;; < 0 and zero when N;;_1 — N;; = 0).
Similarly, there are often large exemption levels, in particular for wealth taxes Ty ;(+). In contrast, we
restrict the tax on interest income to be linear with tax rate 7o, to preserve an Euler equation that is
independent of bond holdings B; ;. Finally, we assume that the tax functions 7y (), T (-) are differen-
tiable.

Proposition A9. In the presence of taxes on wealth, asset sales, and interest income, Ty 1, Tyt and Tqy, the
welfare gain is

dVio/U'(Cip) = ) ﬁa_l)t( (Njt—1— Ni¢) (1 — Tyt ((Nig — Ni,t—1>Pt)) dp;
t=0
— Ty, (N 1PNy 1 dPs = Big (1+7,4) dQs ).

The presence of taxes changes our baseline formula in Proposition 1 in three noteworthy ways.
First, whereas Proposition 1 implied that it is asset transactions and not asset holdings that matter for
welfare gains from asset-price changes, holdings do matter whenever there is a wealth tax (i.e., a tax on
the market value of asset holdings). In particular, whenever asset prices increase, dP; > 0, asset holders
experience a welfare loss T{,V/t (Nit—1Pr)Nj;—1 dP;.

Second, a transaction tax reduces asset sellers” welfare gains from rising asset prices because the

after-tax asset price faced by sellers increases by less than the pre-tax price

0< (1 — L (Ny — Ni,t,l)Pt)) dP; < dP; when Nj;—Nj;_1 >0and dP; > 0.

However, it also increases asset buyers’ welfare losses from rising asset prices because the after-tax asset

price faced by buyers increases by more than the pre-tax price

0<dp < (1 — (N — Ni,t_l)Pt)> dP; when Nj;— N1 <Oand dP; > 0.
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Third and related, both transaction and wealth taxes introduce aggregate welfare losses for the house-
hold sector as a whole. Finally, though unsurprisingly, the presence of dividend income taxes leaves
welfare gains from asset-price changes unaffected.

Proof of Proposition A9. The Lagrangian is

Li=Y BUC)+ Y Aiy (Yit+Nip—1Dt +Bjy—1 — Ciy — (Nt — Niy—1)Pr — x(Niy — Nip—1)
=0 =0
— Tyt ((Nip—1 — Nit)Pt) — By Qt (1 + 10) — tw,¢(Niy—1P) — ¢ (Niy—1Dy)) .

The first-order condition for B ; is

A1 = /\i,t@t where Q; = Qi(1+ 01)

is the after-tax bond price. The infinitesimal change in the Lagrangian gives the infinitesimal change in
the value function:

& [9L; oL;
dVip = tg(:) (E)Pt dp; + 20: th)

=) A ((Ni,tq — Nit) dPr — 7y ((Njy—1 — Niy)P)(Njs—1 — Niy) dPs
=0

—Tjy 1 (Ni—1Pt)Njp—1 dPs — Bi (1 + 10,) dQs)

[e)

=Y A ((Ni,tfl — Niyt) (1 - T)/(,t((Ni,t - Ni,tfl)Pt)> dP; — 1y (Nj 1P )Nj 1 dPs — Bjy (14 10,) th)
=0
=U'(Cip) YRy, ((Ni,t—l — Niy) (1 — Tyt ((Nj — Ni,t—l)Pt)) dP;

=0
— Ty ¢(Niy—1Pt)Njp—1 dPr — By (14 7g,) dQs) ,

where the third equality uses the Euler equation for B; which implies A;; = U’ (Ci,o)ﬁg_{ ; with Roo; =
(Qo-- Q1) N

B Appendix on empirical framework

B.1 Interpreting price deviations away from constant price-dividend ratio

As explained in the main text (Section 1.C), we construct the empirical price deviations APy ; as devia-
tions of asset prices away from a world in which the price-dividend ratio was constant within each asset
class (see equation 14 and Figure 2). We now briefly explain why, under the assumption that dividends
grow at a constant rate, price deviations around a constant price-dividend ratio can be interpreted as
deviations around a constant value for discount rates.

For simplicity, we focus on the case in which dividends are deterministic and grow at a constant
rate:

Diis = D;G". (A25)

Under this constant-growth assumption, the price of an asset is

(e} (e}
Py = Z R;—}t+sDt+S = Dy Z R;—}t+sGs- (A26)
s=1 s=1
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Table A2: Individual wealth at the end of 1993

Asset type Average S.D. p10 p25 p50 p75 p90 P99
Total wealth 781.1 727.6 387.0 529.5 7234 9386 1197.7  2075.5
Financial wealth 116.3 616.6 -17.6 55 79.9 166.1 280.5 729.6

Housing 131.5 247.8 0.0 0.0 104.6 185.2 289.2 664.7
Debt -51.0 3678 -116.5 -67.2 -22.5 -0.2 0.0 21.8
Deposits 23.2 144.8 0.0 1.2 6.6 22.4 55.1 215.1
Public equity 4.2 440.5 0.0 0.0 0.0 0.0 2.1 49.2
Private equity 8.4 268.3 0.0 0.0 0.0 0.0 4.4 1114

Human wealth 664.8 365.9 299.8 427.8 621.7 824.8 10454  1776.1

Notes. The table displays the summary statistics for individual wealth as of December 31st 1993. The total number of observations
is 3,268,017. Values are reported in thousands of 2011 U.S. dollars. Each statistic is computed for each variable separately.

When discount rates are constant, R; = R for all  with R > G, this simplifies to

P =D, xDPD with PD=_C

= A27
e (A27)

i.e., the price-dividend ratio is constant and the price grows at the same rate as dividends. This equation
corresponds to the “Gordon growth model” studied in Gordon and Shapiro (1956).

In our exercise, we construct price deviations as deviations of asset prices from a baseline with a
constant price-dividend ratio, APy = (PD; — PD) x D;. Combining (A26) and (A27), the difference in
prices is:

[e0]
A= | Y (R —R™) G| D
s=1
This formula shows that, under the assumption that dividend grows at a constant rate, variations of
the price-dividend ratio over time correspond to variations in discount rates. The same ideas hold in a
stochastic environment (Campbell and Shiller, 1988).

B.2 Microdata on holdings and transactions

B.2.1 Summary statistics and validation

Table A2 reports summary statistics on the balance sheet of Norwegian individuals at the end of 1993
(the start of our sample).

Figure Al compares the aggregate value of individuals’ net assets for each asset category in the
microdata and those reported in the Financial Accounts. Overall, the microdata aligns closely with
the Financial Account data. The only notable discrepancies are public equity, which is higher in the
microdata than in the National accounts after 2010, and mutual fund equity, which is higher in the
Financial Accounts than in our microdata throughout our sample period.

B.2.2 Imputing indirect holdings and transactions

Individuals who own firms are indirectly exposed to asset-price changes through the asset holdings
and transactions of the firms they own. We now describe how we impute these indirect holdings and

transactions.
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Figure Al: Aggregated administrative microdata versus the Financial Accounts (Holdings)

Private businesses. Beginning in 2005, our dataset includes information on the ownership of limited
liability businesses. The data contains information on the number of shares owned by an individual or
a firm and the market price if that exists. In addition, we observe the total number of shares issued by
a company.

We first compute the direct ownership share of firm j by an individual or firm i. We obtain this
number by dividing the number of shares held by owner i by the number of shares outstanding in firm
j (i-e., the total number of shares issued by the firm minus the shares held by the firm itself). More
precisely, the direct ownership share of an owner i in firm j # i is

N;
8 = =———,
T Lig Ny

where N;; denotes the number of shares held by an owner 7 in firm j.

In our sample, a substantial fraction of businesses are owned by other businesses. For example, a
common structure among wealthy individuals is having one umbrella private holding company with
several holding companies operating in different sectors. Our goal is to allocate the financial transac-
tions done by all of these businesses to their ultimate owner. Formally, denote SZ‘ the ownership share of
individual i in firm j through n (and exactly n) intermediate firm layers. When n = 0, this corresponds
to our direct ownership share sloj = s;j. For n > 0, we can compute the ownership shares of individual i

in firm j at level n recursively:

n — n—1, .
si = ;sik Skj-
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Finally, we obtain the consolidated ownership share of an individual by aggregating the ownership
shares at all levels n > 0:22

In practice, we only compute indirect ownership shares up to n = 10 as indirect ownership shares are
close to zero past that point.

Using these ownership shares, we construct an individual-level measure of private business book
equity, which we define as the book value of a firm’s assets minus net financial assets.”> We only use
book equity to compute the value of private business transactions, which we describe shortly. More
generally, we rely on the tax-assessed value of private business equity, which we observe over the full
sample (i.e., starting in 1994).

Table A3 reports the average value of indirect holdings and transactions as a fraction of the tax-
assessed value of the equity in the firm over the 2005-2019 period. Private firms have, on average,
positive net leverage (i.e., debt exceeds deposits). Moreover, private firms hold a significant amount of
housing and (publicly-traded) stocks on their balance sheet, with a small amount of yearly transactions.
Before 2005, we do not observe the balance sheet of private firms. Hence we do not have data on indirect
holdings and transactions. From 1994 to 2004, we, therefore, attribute indirect holdings and transactions
by using the values in Table A3 multiplied by the tax-assessed value of equity.

Table A3: Indirect holdings through private businesses (share of tax-assessed value, 2005-2019 aver-
age)

Asset class Holdings Transactions

Deposits 0.40 -
Debt 111 -
Housing 0.65 —0.03
Stocks 0.16 —0.00

To measure the net transactions in private business equity for individual i in firm j in year t, we use
the formula

private equity transaction;;, = (3ij,1+1 — 8ijt) X book equity;, x Q,

where, as above, Sijit denotes the ownership share of individual i in firm j at time ¢. If the firm does not
exist at time t and enters at time f 4 1, we set the net transactions in private business equity to zero. Note
that this formula automatically accounts for equity issuance. For instance, when a firm issues equity
to finance its growth, the existing owners get diluted (i.e., their ownership share declines). Regarding
exposure to asset-price changes, this is equivalent to the owners selling equity shares.

The term Q represents the ratio between the market value of private business equity and its book
value. While we do not observe Q directly, we set it to a value of 0.80, which corresponds to the
aggregate share of the tax-assessed value of private business equity to book value of private business
equity, averaged over the 2005-2019 period. Before 2005, we do not observe ownership shares and,
therefore, we set private equity transactions to zero.

22 Formally, denote Q) the matrix of ownership within firms, that is, Qjj = sjjfori # jand ();; = 0 fori = j.
Then, the vector of consolidated ownership of an individual i with direct ownership shares s; = (s;;); is given by
(I-O) s =X o (Q)"s;.

23For instance, suppose that a firm has $2 of assets, which includes $1 of stocks, and $0.25 of debt outstanding.
The net financial assets of the firm is then $1 — $0.25 = $0.75. Book equity is then $2 — $0.75 = $1.25.
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Public businesses. Finally, we attribute indirect holdings and transactions due to the ownership of
publicly-traded stocks. We start individuals” indirect holdings and transactions through their owner-
ship of the aggregate corporate sector, as reported in the Financial Accounts (see Appendix C for more
details). We then subtract the aggregate indirect holdings and transactions due to their ownership of
private businesses, as computed above. We, therefore, obtain residually the indirect aggregate holdings
and transactions of public businesses that must be allocated to individuals. We then allocate these indi-
rect holdings and transactions to individuals for every year in our sample, in proportion to their equity
holdings of public firms.

B.3 Data on asset prices

Figure A2 plots the relative price deviations (defined in equation 14) for our four asset classes: housing,
equity, debt, and deposits.
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Figure A2: Relative price deviations for four asset classes in Norway

Notes. Note that the scale of the price deviation for debt (or deposits) is much smaller than for housing. Still, these two asset
classes will have comparable effects on welfare, as the size of debt holdings (i.e., issuance of one-period bonds) is much larger
than the size of housing transactions (Figure 7).

B.4 Alternative measure of the housing price-to-rent ratio

We now compare our construction of the price-to-rent ratio measure with that of Jorda et al. (2019).
Although the latter paper employs a similar methodology, it inflates the growth in the rental index
reported by SSB. Specifically, the authors write in the Data Appendix: “we stipulate that the rental index
during late 1990s and early 2000s—a period when house prices increased substantially—understated
the growth of rents relative to prices, leading the rent-price approach to overstate the historical rental
yields. To correct for this presumed bias, we adjust the growth in rents up by a factor of 1.5 for the years
1990 to 2005.”

Table A3a plots both series. By construction, both ratios are equal in 2013. However, due to the
gradual rescaling done by Jorda et al. (2019), their series gradually diverge from our baseline series
before 2005. Using these alternative series leads to a lower increase in the price-dividend ratio and,
therefore, a lower price deviation relative to our 1992-1996 baseline. To visualize the difference, Figure
A3b reports the implied deviation in housing price relative to 1992-1996 (as defined in equation 14) for
our baseline and the alternative series. On average, the housing price deviation implied by Jorda et al.
(2019) represents 0.91 of our baseline. Hence, as a rule of thumb, one can expect the welfare gains due
to housing to be scaled by 0.91 if one were to reproduce all our figures with this alternative ratio. For

example, we recompute the welfare gains across generations using this alternative series in Figure A3c.
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Figure A3: Comparing our series for house-to-rent ratio with Jorda et al. (2019)

C Redistribution across sectors

As discussed in the main text (Section III), welfare gains within the household sector do not aggregate
to zero. The reason is that individuals trade with other non-household entities, such as the government
and foreigners. We now conduct a systematic investigation of welfare gains across sectors. This analysis
is particularly significant in the Norwegian context, given the scale of the sovereign wealth fund, which
invests in domestic and foreign assets on behalf of Norwegian households.

Specifically, we group all entities in the economy into three sectors: households (H), the government
(G), and foreigners (F). The central accounting identity underpinning our analysis states that every asset
purchased by one sector must be sold by another. With this in mind, it is immediate that in a multisector

economy, our measurement of welfare gains implies:
Welfare Gaing + Welfare Gaing + Welfare Gaing = 0. (A28)

In other words, a positive welfare gain for the household sector must be exactly offset by a welfare loss
in another sector. We first present the data in Section C.0.1, and discuss the results in Section C.0.2.

C.0.1 Data sources

We use publicly available data from the Financial Accounts, which covers all holdings and transactions
of financial assets in the Norwegian economy since 1995. For our analysis, we combine the government
sector with the central bank and the non-profit sector. Importantly, our government sector includes the
Government Pension Fund of Norway, financed by income taxes on the energy (oil and gas) sector. It com-
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prises the Government Pension Fund Global — which invests in foreign assets — and the Government
Pension Fund Norway — which is smaller and invests in domestic and Scandinavian assets.”

We consider the following sectors of the economy:
1. Households (14);

2. Government (121, 13, 15);

3. Foreigners (2).

4. Corporations

4.1 Nonfinancial corporations (11)

4.2 Monetary financial institutions (122-123)

4.3 Non-MM investment funds (124)

4.4 Other financial institutions (125-127)

4.5 Insurance corporations and pension funds (128-129)
The numbers in parentheses denote the sector codes from the Financial Accounts we aggregate. Note
that our definition of “Government” includes the central bank and the non-profit sector (i.e., institutions
that serve the domestic household sector). We consolidate the different sectors constituting the corpo-
rate sector to their ultimate owner (i.e., either households, the government, or foreigners) by using the
exact formula provided in Footnote 22. The consolidation process, therefore, adjusts the measures of
holdings and transactions by households, the government, and foreigners by accounting for their indi-
rect holdings and transactions through their corporate sector ownership. Note that this consolidation
maintains the Financial Accounts’ identities, and, in particular, financial transactions remain in zero-

sum.
We consider the following asset categories:

1. Deposits (22);

Loans and debt securities (30, 40);
Public equity shares (511);
Private equity shares (512);

Fund equity shares (520);

AL I

Other (10, 21, 519, 610-800).

The numbers in parentheses denote the line items from the Financial Accounts that we aggregate. The
category “other” contains either quantitatively unimportant or illiquid assets. We can further decom-
pose each asset category using the identity of the sector issuing the security (e.g., public equity shares
issued by the corporate sector versus the foreign sector). Real estate is a real rather than a financial as-
set, meaning housing holdings and transactions are not recorded in the Financial Accounts. Therefore,
we augment the Financial Accounts with between-sector housing holdings and transactions, which we
construct by aggregating the housing transaction registry data described in the main text (Section IL.C).

240Over our sample period, the Government Pension Fund Global fund’s value grew from approximately zero
in 1997 to approximately 1B$ in 2019. Its portfolio mandate first prescribed 40 percent equities and 60 percent
fixed-income assets. In 2007, this was changed to 60 percent equities. In 2010, the fund’s portfolio was extended
to real estate with a 5 percent weight, and the fixed income share was cut to 35. A fiscal policy rule states that the
expected real rate of return, first 4% and since 2017 3%, of the current fund value can be spent over the national
budget each year. As the fund grew over our sample period, so did government spending. Details regarding the
fund’s mandate and investment strategy are provided at https://www.nbim.no/en/the-fund/how-we-invest.
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The resulting dataset covers the total asset holdings and transactions for three sectors (households,
government, and foreigners) and four asset classes (housing, deposits, debt, equity) over the 1995-2019
period.

C.0.2 Results

Sectoral transactions. Before quantifying the welfare gains by sector, we briefly discuss the main
pattern of housing and equity transactions as well as debt and deposit holdings across sectors, as re-
ported in Table A4.

The annual net housing purchases across sectors are very low (less than $1,000 per capita in abso-
lute value). The reason is that most housing transactions are within the household sector, with minimal
transactions between sectors. Regarding equity purchases, households have a positive but small level
of net equity purchase on average. In contrast, the government is a net buyer of foreign equities via the
sovereign wealth fund described above. Those transactions are pretty large, and amount to more than
$7,000 per capita per year. The fact that the government has been a net buyer of equity in our time sam-
ple reflects that inflows into the sovereign wealth fund (which are proportional to oil and gas revenues)
have exceeded outflows (which are proportional to the fund’s market value). This dynamic may shift

in the future as the sovereign wealth fund continues to grow relative to the Norwegian economy.

Table A4: Transactions across sectors

Asset type Sector Total
Households Government  Foreign
Housing 0.9 -0.4 -0.5 0.0
Debt 744 65.1 9.3 0.0
Household debt -65.2 24.8 40.4 0.0
Corporate debt -26.8 -9.9 36.7 0.0
Government debt 6.4 -38.6 32.2 0.0
Foreign debt 11.3 88.8 -100.1 0.0
Deposits 204 -7.9 -124 0.0
Corporate deposits 15.6 -11.2 -4.3 0.0
Government deposits 0.7 -1.9 1.3 0.0
Foreign deposits 4.1 52 -94 0.0
Equity 0.6 7.0 -7.6 0.0
Corporate equity -0.6 -0.7 1.3 0.0
Foreign equity 1.2 7.6 -8.9 0.0

Notes. All transactions (net purchases) are in thousands of 2011 U.S. dollars and divided by Norway’s population. Averages over
1995-2019. “Household debt” is debt taken by households (mostly mortgages); “ Corporate debt” is debt issued by the corporate
sector (i.e., bonds and bank loans); “Foreign debt” contains all debt issued by foreigners (e.g., foreign corporate entities, foreign
households, and foreign governments); “Corporate deposits” is deposits issued by private banks; “Government deposits” is cen-
tral bank reserves; “Corporate equity” is equity issued by corporations; “Foreign equity” is equity issued by foreign corporations.

Table A4 reveals that the household sector has a large amount of debt. Most of it is household
debt (mainly mortgages), but some is corporate debt, which individuals indirectly hold through their
ownership of businesses. While households, on net, hold debt securities as liabilities (i.e., they are
indebted), the government, on net, holds debt securities as assets (i.e., they are lenders). The debt
level of households is approximately equal to the government’s net holding of debt securities (roughly
$70,000 per capita). The foreign sector only holds a small amount of debt on net. While households
do not borrow directly from the government, the effect is the same in terms of welfare redistribution: a
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decline in interest rates redistribute from the government towards households.?”

A similar pattern holds for deposits, although the magnitudes are much smaller. The household
sector is a net holder of deposits, while the government and foreign sector hold these deposits as liabili-
ties. The reason is that deposits are a liability for the financial sector: since the government includes the
central bank, and since foreigners are important holders of financial business equity, they are ultimately
liable for interest payments on these deposits.

Sectoral welfare gains. Table A5 reports the detailed welfare gains asset class by asset class, includ-
ing a breakdown within an asset class (i.e., equity is the sum of domestic corporate equity and foreign
corporate equity). All welfare gains are scaled by the number of individuals in Norway in 1994. Note

Table A5: Welfare gains across sectors

Asset type Sector Total
Households Government  Foreign

Housing —4.4 1.8 2.6 0.0
Debt 16.4 -15.6 -0.8 0.0
Household debt 14.6 -5.5 -9.2 0.0
Corporate debt 5.7 2.8 -85 0.0
Government debt -1.3 8.4 -7.1 0.0
Foreign debt -2.7 -21.3 24.0 0.0
Deposits -2.5 1.0 1.4 0.0
Corporate deposits -1.8 14 0.4 0.0
Government deposits -0.1 0.2 -0.2 0.0
Foreign deposits -0.6 -0.7 12 0.0
Equity -15 -9.0 10.5 0.0
Corporate equity 1.1 15 -2.6 0.0
Foreign equity -2.6 -10.5 13.1 0.0
Total 8.0 -21.7 13.7 0.0

that welfare gains sum up to zero within each asset class by construction and that the welfare gain per
capita in the household sector is very similar to the one estimated in our microdata (see Table 2). The
slight difference is because our microdata does not aggregate exactly to the Norwegian Financial Ac-
counts (see Appendix B.2.1), as well as the fact that our microdata starts in 1994 while the Norwegian
Financial Accounts only start in 1995.

The household sector has a positive welfare gain of roughly $8,000 per capita. Breaking down the
welfare gain by asset class, we find a large positive contribution of debt ($16,400) and a small contribu-
tion of deposits (—$2,500). Equity transactions make a negligible contribution (—$1,500), and housing
transactions are a more important one (—$4,400). Overall, the household sector’s positive welfare gain
is mostly due to declining interest rates, which have benefited households since they are net debtors
(i.e., their debt exceeds their bank deposits).

If the household sector has experienced a positive welfare gain, who is the counterparty that expe-
rienced a welfare loss? For the most part, it was the government. As discussed earlier, the government

25 Most of household debt is mortgages, which are then securitized into mortgage bonds by private banks. Then,
these bonds are, for the most part, sold to domestic pension funds as well as foreigners. However, foreigners also
issue a large amount of debt that ends up being held by the sovereign wealth fund. This explains why the net for-
eign debt position is close to zero in Table A4. The sovereign wealth fund’s holding of foreign bonds then accounts
for most of the government’s net holding of debt securities, while a small fraction is held by other public pen-
sion funds that invest domestically. The main domestic public pension funds are Folketrygdfondet and Kommunenes
Landspensjonskasse (see Bank, 2021 for an overview of Norway’s financial system).
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Figure A4: Welfare gains across sectors

Notes. The figure plots the welfare gain for each sector of the economy, disaggregated by asset class. To make it comparable to
the other figures in our paper, the aggregate welfare gain of each sector is divided by the number of individuals in Norway. Units
are 2011 U.S. dollars.

is a net saver and is thus hurt by declining interest rates. Overall, the welfare gain of the government is
negative, with a large contribution of debt and equity. As reported in Table A4, this comes from the fact
that the government is a net holder of debt and a net purchaser of equity. In contrast, the contributions
of deposits and housing for welfare gains are negligible (<$2,000 in absolute value).

The fact that the Norwegian government is hurt by rising asset prices and declining interest rates
can seem surprising from a U.S. perspective. In the U.S., the government is a net debt issuer, so it
tends to benefit from a rise in asset prices at the expense of households and foreigners who hold its
debt. The same effect holds true in Norway: as shown in Table A5, if we restrict ourselves to the debt
issued by the government (i.e., the row “Government debt”), the rise in asset prices does benefit the
government at the expense of households and foreigners. However, this effect is swamped by the fact
that the Norwegian government holds a large amount of debt issued by households and foreigners:
rising asset prices and declining interest rates have ultimately hurt the Norwegian government.

As discussed in Section 1.C, the loss of the government represents a loss of real resources available
for net transfers to the household sector. While it is beyond our paper’s scope to quantify how the
Norwegian government has adjusted (and will adjust) net transfers in response to persistently lower
interest rates and higher asset prices, it is entirely possible that the very individuals who experienced
welfare losses (i.e., the young) will also be the ones to bear the brunt of future reductions in government

transfers such as pension benefits.

C.0.3 Domestic versus foreign price indices

In all of these exercises, we use the same price deviation for foreign and domestic assets (Section II). This
assumption was innocuous when computing the average welfare gain within the household sector, as
most of the financial transactions between Norwegians are transactions of domestic assets. However,
this assumption becomes more restrictive when discussing welfare gains across sectors, as the Norwe-
gian government buys a large amount of foreign assets. Price deviations for foreign equity and debt
may differ from the ones for Norwegian (domestic) assets.

For robustness, we now re-estimate sectoral welfare gains using different price indices for domestic
versus foreign assets. For holdings of foreign debt, we use as a measure of yield the OECD average
3-year government bond yield (series from Global Financial Data). For transactions of foreign equity,
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we use the ratio of total firm payout to total enterprise value in the universe of firms from Worldscope
as a measure of yield (after removing financial and public utility firms).2° Figure A6 plots the evolution
of these two quantities relative to the ones used for domestic equity and debt. One can see that, while
yields follow similar dynamics in Norway and in the rest of the world, the equity yield decreased less in
Norway relative to the rest of the world. Figure A6 plots the resulting relative price deviation (Equation
14 in the main text) used in the welfare-gains formula.
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Figure A6: Price deviations for domestic and foreign assets

Table A6 reports the welfare gains using these foreign price indices for debt, deposit, and equity.
The dagger t sign indicates the rows that change relative to Table A5. Overall, one can see that we
obtain very similar results. The main difference is that the welfare gains of the Norwegian government
are more negative in magnitude, which reflects the fact that they disproportionately purchased foreign
equity, whose valuation increased more than the valuation of domestic equity.

D Appendix on generalizing the baseline sufficient statistic

D.1 Uninsurable income risk

Proof of Proposition 2. The proposition obtains as a special case of Proposition A2 in the case without
deviation in labor or dividend income; thatis, dY;; = 0and dDy; = 0for 1 <k < K. O

26We also exclude firms from Venezuala and Brazil due to issues in Worldscope datas on the units used in
reporting.
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Table A6: Welfare gains across sectors using heterogeneous price indices

Asset type Sector Total
Households Government Foreign
Housing -4.4 1.8 2.6 0.0
Debt 16.6 -14.8 -1.8 0.0
Household debt 14.6 -5.5 -9.2 0.0
Corporate debt 5.7 2.8 -8.5 0.0
Government debt -1.3 8.4 -7.1 0.0
Foreign debt' -25 -20.6 23.0 0.0
Deposits -2.9 0.4 25 0.0
Corporate deposits -1.8 14 0.4 0.0
Government deposits -0.1 0.2 -0.2 0.0
Foreign deposits’ -1.0 -13 2.3 0.0
Equity -2.7 -17.2 19.9 0.0
Corporate equity 1.1 1.5 -2.6 0.0
Foreign equity® -3.8 -18.7 224 0.0
Total 6.6 -29.8 23.2 0.0

D.1.1 Empirical implementation of Equation 20

We now detail how we estimate the incomplete market adjustment term (i.e., the covariance term given
in Equation 20). We defined income as net non-financial income (i.e., labor income plus net government
transfers, exactly as we do when computing human wealth). We measure consumption as the residual
of income minus net asset purchases, consistently with the budget constraint (9). We ensure that our
measure of income and consumption is always higher than twice the basic amount (grunnbelop) used in
the Norwegian social security system, and we winsorize the top 1% of observations every year. Finally,
we construct asset savings for each individual and asset class: for housing and equity;, it is transactions-
based — that s, S;;; = (Ni,k/t — Nirk,t,l)Pk,t, while, for debt and deposits, it is holdings-based — that
is, Six¢ = B; Qs

Remember that our covariance term (Equation 20 in the main text) should capture the uncertainty at
the individual level. Hence, to account for this, we residualize our variables (asset savings, log income,
and log consumption) on individual characteristics known at ¢ = 0 for each cohort c and horizon t. The
set of controls is (i) highest lifetime education achievement (i.e.,“less than high school”, “high school”,
“college” dummies), (ii) deciles of within-cohort financial wealth at the beginning of our sample (i.e.,
ten dummies), and (iii) the average of income in the first three years of our sample.

After residualizing all of these quantities, we then regress our measure of consumption (or spend-

ing) on labor income for each cohort ¢ and horizon ¢:
log Ci = et + Bt logYi s+t p.

We then compute, for each cohort ¢ and horizon ¢ and asset class k, the covariance between asset sales
S+ and our predicted measure of consumption I@t = B+ logY;;. Alternatively, this methodology
can be interpreted as a regression of asset sales on consumption instrumented by labor income for each
cohort and horizon, using initial individual characteristics as controls.
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D.1.2 Quantifying welfare gains in models of incomplete markets

We now study the welfare effect of deviation in asset prices in heterogeneous-agent incomplete market
models. The goal is to complement our sufficient statistic approach with a more standard approach
based on a calibrated model. We focus on two classes of incomplete market models. First, we consider
the welfare effect of asset-price deviations in a Bewley-type model, in which individual labor income is
subject to permanent and transitory shocks. We then study the welfare effect of asset-price deviations
in a random growth model of wealth accumulation, for instance where entrepreneurs face idiosyncratic
return risk.

Quantifying the effect of stochastic labor income We consider a model in which agents live for
65 years. They spend 40 years as workers and 25 as retired. The permanent labor income of workers
Y; evolves as a random walk (in log) with innovations drawn from a normal distribution with mean
u and volatility c. Moreover, workers switch from being employed to unemployed, with transition
probabilities given by Ay_g and Ar_y; when unemployed, workers only earn a fraction xy; of their
permanent income. Finally, during retirement, agents earn a fraction xg of their permanent income.
Agents can save in an asset that delivers a constant flow of dividends. The asset’s price is such that
investing in the asset returns an interest rate R. We denote s; € {E, U, R} the current state of a household
with age ¢, corresponding to employment, unemployment, and retirement.

Households have homothetic utilities with relative risk aversion v, impatience parameter . More-
over, agents have a preference over the size of bequest they leave b5W!~7/(1 — 7). Formally, the problem

of an agent with age ¢ is to maximize
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and x;; evolves as a Markov chain on {E, U} with transition probabilities Ay, and Ag_y; for t < 40,
and then switches to R for retirement at ¢ = 40. Initial wealth is log normally distributed and, on aver-
age, equals the terminal wealth of deceased households. Initial income is set to one as a normalization.
Because the lower bound on labor income is zero, the natural borrowing constraint is W;; > 0.

We calibrate the growth and volatility of the innovations of log labor income y = 0.01 and ¢ =
0.10 following Wang et al. (2016). We set the annual probability of switching from employment to
unemployment to 5%, the annual probability of switching from employment to unemployment to 80%,
and the income multiplier when unemployed to xi; = 0.6 following Krueger et al. (2016). Finally, we
pick the impatience parameter § and the bequest motive parameter b to match a ratio of average wealth
to average labor income of 6 and a ratio of terminal wealth (at 85) to average wealth of 0.7, which gives
B =095and b = 0.02.

As in Wang et al. (2016), the problem is homogeneous in the financial wealth W;; and permanent
labor income Y; ,, and so one only needs to solve the value function as a function of w;; = W;;/Y; ;. We
plot the solution of the model in Figure A7. Figure A7a reports the annual purchases of households as
a function of their financial wealth and states x € {E, U, R} (averaged across ages). One can see that
unemployed agents are net asset sellers, while employed agents tend to be net asset buyers — they only
start selling if their financial wealth is 15 times their labor income. At retirement, agents sell until their
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Table A7: Parameters

Description Symbol  Value
Income process
Labor income growth U 0.01
Labor income volatility o 0.10
Income multiplier when retired XR 0.70
Transition probability to unemployment  Agyy 0.05
Transition probability to employment AUE 0.80
Income multiplier when unemployed Xu 0.60
Asset prices
Interest rate log R 0.05
Household preferences
Relative risk aversion 0% 1.50
Impatience parameter B 0.95
Bequest preference b 0.02

financial wealth equals approximately 3 times their labor income pre-retirement. Figure A7b reports
the overall density of assets scaled by permanent labor income within employed, unemployed, and
retired. Note that the density of assets is even more dispersed as the permanent labor income is log-
normally distributed across agents, with a variance increasing linearly with age for workers. Finally,
figure A7c plots the ratio of marginal utility between employed and unemployed. Naturally, this ratio
tends towards X;Y (the ratio of labor income) as assets tend to zero and 1 (perfect insurance) as assets
tend to infinity.

We now examine the difference between our baseline sufficient statistic formula and the actual
welfare gains of a deviation in asset prices in the calibrated model. More precisely, we consider a mean-
reverting deviation in the interest rate dR;/R; = 4)t dRg/Ro with dRg/Rg = —5% and ¢ = 0.95, as
plotted in Figure A8a. Since the asset’s price is given by P = Y;°, Roth, this implies a deviation
in the asset’s price given by dP;/P; = — (1 —¢/ R)_1 dR;/R;. We compute two quantities associated
with this deviation in asset prices: the actual welfare gain, which discounts future trading profits by the
individual-specific marginal rate of substitution ‘U’ (C;;)/U’(C;() across states and times (Equation
18 in the main text), and the one returned by our baseline sufficient statistic, which simply discounts
them by the interest rate (Equation 10 in the main text).

Figure A8b compares these two quantities for workers as a function of their financial wealth. One
can see that the “true” welfare gains (discounted by the individual-specific marginal rate of substitution
or MRS) are always above the one discounted by the interest rate. Two distinct forces drive this positive
covariance between individual-specific marginal rates of substitutions and asset sales. The first force is
transitory income shocks (the transition between employment and unemployment). As shown in (A7),
workers tend to sell assets when they are unemployed, i.e., when their marginal utility of consumption
is high. This effect is particularly high for agents in the left tail of the wealth distribution, as the ratio
of their marginal utility between being employed and unemployed is particularly high (Figure A7c).
The second force is permanent income shocks: young workers who experience a positive permanent
income shock scale up their asset purchases, as they now target a higher level of savings. Hence, like
transitory income shocks, permanent income shocks generate a positive covariance between the growth
of marginal utility and asset sales.

Finally, Figure A8c plots the average welfare gains across cohorts. Similarly to the empirical re-
sults plotted in Figure 10, the wedge between the two quantities is particularly significant for younger
generations: this reflects the fact that, in the model as in the data, younger households face more id-
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Figure A7: Model solution

Notes. These panels plot important economic quantities in the model calibrated using the parameter values in Table A7. Asset
purchases and financial wealth are scaled by permanent labor income.

iosyncratic risk (through labor income risk) than older households. Finally, note that the model yields
substantially higher welfare gains for older households relative to the data — this reflects the fact that,
in the data, asset prices only gradually increase over time, whereas they jump to their new values in
our experiment.

The key advantage of a model, relative to our reduced-form approach, is that we can examine
how different calibrations would affect the wedge between our baseline statistic and actual welfare
gains. Hence, the model is useful for understanding whether we should expect the wedge between the
two quantities to matter in settings outside Norway (external validity). To examine this question, we
re-solve the models after successively increasing the degree of income risk (through permanent inno-
vations ¢ or transitory ones xi;), the degree of risk aversion for household (relative risk aversion 7),
and the persistence of the price deviation (¢). For each alternative calibration, we report the average
absolute value of the welfare gain across households, the average absolute value of our sufficient statis-
tic, the root mean squared error between the two quantities, as well as the correlation between the two
(across all ages and household states). We report the result in Table A8. Intuitively, increasing the degree
of income risk or the risk aversion of households increases the wedge between our sufficient statistic
formula and the actual welfare gains. Still, note that the difference between the two notions of welfare
gains (the theoretical one and our empirical proxy) remains relatively small across the calibrations — in
particular, the correlation between the two measures across individuals is very close to one. Overall,
these results suggest that the effect of uninsurable labor income risk is likely to be small not only for
Norway but also for other countries.
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Figure A8: Welfare effect of a deviation in interest rates in the model

Notes. This figure plots the welfare effect of a mean-reverting 5% drop in interest rates in the model calibrated using the parameter

values in Table A7. Unless specified otherwise, financial wealth and welfare gains are scaled by permanent labor income. Welfare
gains discounting by interest rate correspond to the first term in Equation 19 in the main text (i.e., the output of our baseline
sufficient statistic approach). The difference between discounting by the individual-specific marginal rate of substitution (MRS)
versus the interest rate corresponds to the covariance term in Equation 19.

Table A8: Welfare gains with alternative parameters

Welfare gains discounted by ... RMSE  Correlation

Interest rate  Individual MRS

(abs. value) (abs. value)
Baseline 0.22 0.20 0.05 0.99
0:0.10 — 0.20 0.56 0.61 0.24 0.97
xu: 0.60 — 0.30 0.22 0.19 0.05 0.99
v: 1.50 — 3.00 0.29 0.28 0.09 0.99
¢: 0.95 — 0.99 0.27 0.25 0.10 0.97

Quantifying the effect of idiosyncratic returns The previous model covered the case of idiosyn-
cratic shocks in labor income, an essential source of market incompleteness in the left tail of the distri-
bution. We now discuss the case of idiosyncratic shocks in wealth shocks, which is the relevant source
of market incompleteness in the wealth distribution’s right tail. We treat this case separately from the
previous model for the sake of clarity and because, in this case, we can obtain closed-form formulas
for the effect of idiosyncratic shocks in the limit of high wealth (i.e., in the limit where labor income is
Zero).

Formally, consider an individual with CRRA utility that can invest in a risk-free asset with constant

interest rate R = Q! or in a linear technology with i.i.d. stochastic return A; ;. Because of the linearity
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of investment opportunities and the homotheticity of preferences, an agent maximizing their expected
utility chooses to invest a fixed fraction of their wealth in the risky technology, « and to consume a fixed
fraction of their wealth, p. As a result, the wealth of the agent evolves as

Wity1 = (R+a (Aji1 — R) —p) Wi

Such models where wealth evolves with random innovations (“random-growth” models) are particu-
larly important to generate a realistic concentration of wealth at the very top. It turns out that, in these
models, one can also characterize the effect of incomplete markets in closed form.

Proposition A10. Under the assumptions discussed above, the welfare gain of a deviation in the risk-free rate
th is
o —t
dVio/U'(Cig) = <Rec(1)+c(_7)_c(l_7)> (—Eo[B;] dQis), (A29)
t=0
where ¢(¢) = logE [(R +a(Ajf—R)— p)ﬂ denotes the Cumulating Generating Function (CGF) of log
wealth growth and where B;; = (1 — A)W; 1/ Q denotes agent i’s holdings of one-period bonds at time t.

This formula for welfare gains is the same as in the baseline model except that, to adjust for id-
iosyncratic wealth returns, one needs to adjust the baseline discount rate, R, by a quantity dependent
on the dispersion of wealth growth, e¢()+¢(=1)=¢(1=7)_In the presence of stochastic wealth growth, this
adjustment is higher than one as the function c(+) is convex.””

This proposition implies that idiosyncratic wealth shocks systematically decrease the magnitude of
welfare gains. The intuition is that, due to the linearity of policy functions, individuals jointly increase
their consumption and financial transactions after a positive wealth shock. As a result, the growth
of marginal utility covaries negatively with financial transactions, which dampens welfare gains (in
magnitude) relative to the baseline formula. Such a formula would still hold in a model with multiple
types of assets: the key requirement is that the agent policy decisions (including financial transactions)
scale linearly with the level of wealth. Finally, note that there is a key difference between the effect of
transitory labor income shocks and the effect of wealth shocks. As discussed above, the presence of
labor income shocks tends to increase the welfare gains of rising asset prices (relative to the baseline
formula), as agents tend to purchase assets in good times and sell assets in bad times. In contrast, the
presence of idiosyncratic return shocks tends to dampen welfare gains relative to the baseline formula,
as agents tend to scale up their more significant financial transactions (sales or purchases) in good times
and scale them down in bad times.

We now discuss how big this adjustment is quantitatively. For instance, consider the case in which
RKislog-normally distributed with mean y and variance o2. In this case, using a Taylor approximation,
the growth in wealth is also log-normally distributed with mean logR + & (4 — log R) + 1a(1 — a)o?

2

and variance #?¢?.?® For a log normal variable X, we have log E [Xg] =Cu+ %é’zyz. As a result, the

formula for welfare gains (A29) simplifies to:

[e9)

2.2\ —t
dVio/U'(Cio) = Y (Re™7) " (—Eo[B,] Q).
t=0

27See Martin (2013) for similar results on discount rates in the context of aggregate shocks as well as a geometric
interpretation for the discount rate adjustment.
28 As shown in Campbell and Viceira (2002), we have

log (R+a (Ajy —R) —c) ~logR+ua (log A;; —logR) —p + %Dc(l —a)o?.
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This formula tells us that, to adjust for idiosyncratic wealth shocks, one simply needs to adjust discount
rates by 704202. To take a realistic example, consider the case « = 1.5, ¢ = 10%, and v = 1, in which
case the adjustment is ya?0? ~ 2 pp. This result justifies using a relatively high discount rate in our
empirical exercise — remember that we use R = 1.05, which is higher than the average midpoint rate

between deposit and debt rates in our time sample.

Proof of Proposition A10. We start from the formula for welfare gains in a stochastic environment given

in Proposition A2:
t 1t
A B.
5P,
For an agent with CRRA preferences, we have U'(C; ;) /U’ (Cio) = (Ci+/Cig)~7 = (W;/Wip)~7. Now,
we have B;; = ((1 —a)/Q;) Wi and so

dVo/U'(Cip) = —Ey dQy.

[eS) W;W/
dVio/U'(Cip) = —Eo | ) B' —= (1 —a)/ Qi) Wiy | dQ;
iz Wig
oo 1—7 -1
. W't
=—Y BEy || Eo { . } Eo[B; ] dQ:
t;J Wiov Wio '
1-yqt —t
ol . W
= Y BE, || E [ 1'1] Eo[B; ;] dQ;,
;)‘B 0 WZ%O,,}, 0 Wi,O 0[ l,l‘] t

where the last equation results from the fact that returns (and therefore wealth growth) are i.i.d. Now,

W.
Euler equation implies R~! = B, [WI'—lv

] . Plugging this into the previous equation gives
i,0

1—y —t
]E |:Wi,1 :|
(] 0 v

dV;o/U'(Cip)

Eo[B;¢] dQ:

[
™
=

-y (Re0- =0 =<-1) g5, ] @,
which concludes the proof. O

D.2 Borrowing constraints and collateral effects

D.2.1 Proof of Proposition 3

Proof of Proposition 3. The Lagrangian associated with the individual problem is
Li=) pUCy)
t=0

(o)
+ Y Ay (Yip + Nig—1Diy + Biy—1 — Ciy — (Niy — Nip—1) Pr — B4 Qi — x(Njy — Niy—1)) .
t=0
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Totally differentiating the welfare function using the envelope theorem, we obtain

2 0L; 2. dL;
dVip = Z SPZ dp + Z BQZ dQy,

= ZAzt Nit—1— Nis)dP; — B;; dQ:)

Q, Q,
ZAzt( ii-1— Nis)dPr — B; (aQtthJr (N,tlt)t>Ni,tht>>,

where the last equality uses the definition of the interest schedule (Equation 23 in the main text). Com-
bining this equation with the first-order condition with respect to consumption C;;, /U’ (C;;) = Ay,

gives:

Qlt
(Nztp

tu d
dve/u'(C Z ﬁ 0)) ( Njt—1— Nj)dP: — By ( Qi dQ: +
l

0. )Nltht>) . (A30)

We can go further by using the first-order condition with respect to bond holdings B; ; for t > 0:

00;
Aip (Qi,t + Bi/tE)Bf) = Aits1
i,

Combined with the first-order condition for consumption, we obtain a modified Euler equation for

t>0 )
BU'(Cit41) ( B, aQit)
L =0 [ 14+ == ~ . A31

u'(Ciy) Qir Qi+ 0B;; (A31)

This equation says that agents equalize their marginal rate of substitutions between t and t + 1 to the

effective marginal interest rate they face given the schedule (Equation 23). Plugging this equation into
(A30) gives

, > =1 Bis d is
dVip/U'(Cip) = ) (H <Qi,s (1 T a% ))

t=0 \s=0
d d
(N =N an = By (5220004 552, ar) ) ),
1
which concludes the proof after defining Rl oy =110 Qis (( S’li aa%’: ) ) . O

D.2.2 Empirical implementation

Proof of Corollary 4. The parametric form Q;; = Qe ¢MVit with LTV;; = —B;;/(N;;P;) implies the
following expressions for the derivatives of the individual-specific bond price Q; ; with respect to asset
prices and asset holdings:

90Qit _ Qi . Qi - Qix . 9Qir _ QiLTViy
0Q: Q¢ 9B NP " O(Nj:Pt) N; P

Plugging these derivatives into the expression for welfare gains obtained in Proposition 3 gives

) dp
dVo/u’(C ZRIO—%( i1 i,t)dPt—Bi,tQi,t(QQt-foLTVti P:))'

t=0

with R ; 01_) ; Hi;}) Qis (1 — ¢ x LTV,;), which concludes the proof. O
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Reduced-form evidence on {. We now describe how we estimate the parameter ¢ (Equation 26 in
the main text). We start with the full sample of individuals over the 1994-2019 period. To compute
the implied mortgage interest rate, we first compute the interest costs by outstanding debt, which are

readily available in our data. We compute the interest rate and loan-to-value of individual i at time ¢ as

Interest costs; ;
%Debti,t,1 + %Debti,t/

Debti, t
Housing value; ,”

Interest rate; ; = LTV;; =
where Debt;; = —B; 51;Q; pm ¢ Both the numerator and denominator pertain to directly held debt and
housing.
To estimate ¢, we use the approximation Interest rate; ; =~ —log Q; ; and estimate a regression of the
form
Interest rate; ; = a; + ¢ X LTV; ;1 + u;y4,

where a; is a year fixed-effect, and u;; is an error term. We remove observations with a loan-to-value
lower than 0.2 as (i) the interest rate estimate is imprecise for low debt levels and (ii) these low values
are more likely to be driven by consumer debt rather than mortgage debt (empirically, we find that
interest rates decrease between 0 and 0.2). Specification (1) in Table A9 reports the results. The implied
value of ¢ is approximately 0.0025: a 10 pp. increase in the loan-to-value ratio implies a 0.025 pp. (2.5
basis point) increase in the interest rate.

One potential concern with the regression evidence is the presence of omitted variable bias. For
instance, if some households are deemed safer by banks, they may face an interest-rate schedule that
is shifted downward and they may endogenously choose a higher loan-to-value ratio. This bias would
dampen the relationship between interest rates and loan-to-value ratios. Therefore, we also estimate a
specification with age dummies and education groups as controls. Specification (2) in Table A9 reports
the results. The implied value of ¢ is approximately 0.004: a 10 pp. increase in the loan-to-value ratio
implies a 0.04 percentage point (i.e., a 4 basis points) increase in the interest rate.

Table A9: Regression of mortgage interest rate on loan-to-value

Mortgage interest rate (1) (2
Loan-to-value 0.0024 0.0039
(0.00001)  (0.00002)
Year fixed effects v v
Age and education controls v
Sample size 28,298,160 27,501,724
R? (0.519) (0.533)

Notes. Standard errors in parentheses. The education groups are: “less than high school”, “high school”, “college”. To estimate
this regression, we restrict attention to observations with an interest rate in the 5%-95% range within each year and with a ratio
of debt to housing value between 0.2 and 0.99.

Another potential concern with the regression evidence is that the presence of measurement error
in the loan-to-value variable will generate an attenuation bias (i.e., bias the estimate of ¢ towards zero).
Therefore, we provide external evidence on the relationship between loan-to-value and mortgage inter-
est rate using posted interest-rate schedules published by banks. Although data for the largest banks
is unavailable, some smaller banks do report mortgage interest rates as a function of the loan-to-value
ratio. Table A10 presents an example of such a schedule from Bulder Bank in 2022.

Using the last four rows of Table A10 and using the midpoints of the loan-to-value range, we obtain
a linear slope of § = 0.011; that is, a 10 pp. increase in the loan-to-value ratio implies an 11 basis point
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Table A10: Example of interest-rate schedule

Loan-to-value Interest rate

< 50% 3.33%
50 — 55% 3.41%
55 — 60% 3.51%
60 — 65% 3.56%
65 — 70% 3.60%
70 — 75% 3.64%

Notes. Extracted on October 26, 2022, from Bulder Bank’s website (https://www.bulderbank.no/priser).

rise in the interest rate. This slope is roughly four times as large as the regression evidence without
controls and twice as large as the regression evidence with controls. As a result, for robustness, we
estimate the effect of borrowing constraints using two potential estimates ¢ € {0.005,0.01}.

Implementation. Finally, to implement our formula for welfare gains taking into account borrow-
ing constraints (Equation 27 in the main text), we use the following modified version of our sufficient

statistic formula:

Welfare Gain?¢ = Y Welfare Gaml P
ke {housing,debt deposit,equity}
PDyy— PDy
Welfare Galnl Jhousing — Z R1 0—t ( i,Ht—1 — Ni,H,t>PH,t + §>< LTV%t X Ni,H,tPH,t> P’tDthl
Qmt — Q
Welfare Gam1 “debt = Z Rl 0t (—BimQmyt) x e =M
Qmyt
Qp;—Q
Welfare Gain’S deposit = Z Rl ot (—Bip:Qpyt) % éD t D
PDy, — PD:
Welfare Galnl Lequity — Z Rl Oﬁ)t 1 Et—1— Ni,E,t)PE,t X TEJ’
(A32)

where the individual-specific discount factor Rl ., and loan-to-value ratios LTV;; are given by:

Oet

t
Rl =R e ShmolMVis TT(1 = & x LTV;,) &~ R~fe 2 Lo LTVis,

,0—
s=0
. Bi vt Qm ¢ ))
LTV;; =max (| 0,min | ————-,1 .
" ( ( N; H,tPh t

As in the baseline implementation of our sufficient statistic (Equation 16 in the main text), our mea-
sure of debt holdings B; y1:Qa,+ include both directly-held debt and indirectly-held debt (i.e., the debt
on the balance sheet of businesses owned by individuals). Similarly, our measure of housing wealth
NintPat BimiQum include both directly-held and indirectly-held housing. Hence, this modification
of the sufficient statistic formula affects not only individuals who buy a home via a mortgage but also
entrepreneurs who use real estate assets as collateral (as in Chaney et al., 2012).

Figure A9 decomposes the average wealth gain in each cohort into three terms: the baseline welfare
gains (the one obtained in the baseline case without borrowing constraints), a term due to the discount-

rate channel, and a term due to the collateral channel (this decomposition follows Equation 25 in the
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main text). Note that the term due to the discount-rate channel tends to be negative, while the term due
to the collateral channel is always positive. Hence, the two effects tend to cancel out, which explains

why the overall impact of borrowing constraints is negligible in our setting.
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Figure A9: Decomposing the effect of borrowing constraints on welfare gains

Notes. This figure decomposes welfare gains in the presence of borrowing constraints as a sum of three terms: our baseline
formula, a discount-rate channel, and a collateral channel (see Equation 25 in the main text). The discount-rate channel corre-

sponds to the effect of increasing individual discount rates by &1 Y"/Z{ LTV, ;. The collateral channel corresponds to the effect of
increasing the annual home sales of individuals by ¢ x LTV%, X Nj g P PDp s — PDy)/PDy . See (A32) for more detail.

Histograms. Inthe main text, we focus on the average effect of borrowing constraints on welfare gains
within cohorts. However, there is also an important heterogeneity in the effect of this correction within
cohorts. In particular, we can expect individuals with more debt to disproportionately benefit from the
collateral channel.

Table A11 reports the average effect of borrowing constraints on welfare gains in the population for
each of our ¢ € {0.005,0.01} (as the sum of the discount rate and collateral channels). We also report
it in six percentile bins. Looking at the row with { = 0.01, the average correction due to borrowing
constraints is close to zero.

Similarly to debt holdings, the effect of borrowing constraints on welfare gains is right-skewed. As
shown in Table A1l, the welfare gains reach $98,000 for the top 1% of the most affected individuals.
Note that this remains much smaller than the baseline welfare gains for the top 1% individuals, which
is $662,000 (Table 2).

Table A11: Distribution of the effect of borrowing constraints on welfare gains

Value for ¢ Average Average by percentile groups

pO-1 p1-10 p10-50 p50-90 p90-99 Pp99-100
¢ = 0.005 -0.0 -79.5 -39 -0.1 0.6 4.6 52.4
¢ =0.01 -0.1 -151.2 -7.6 -0.3 1.1 8.8 97.5

Notes. We compute for each individual the effect of borrowing constraints on welfare gains, computed as the difference between
welfare gains taking into account borrowing constraints (A32) and the baseline formula (Equation 16 in the main text). As shown
in Equation 25 in the main text, this difference can be interpreted as the sum of the terms corresponding to the discount-rate
and collateral channels. The table reports the average effect of borrowing constraints by percentile group. All numbers are in
thousands of 2011 U.S. dollars.

Figure A10 plots the distribution of the effect of welfare gains across individuals in Norway. To
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avoid scaling issues, we do not plot the density at zero (i.e., observations with zero debt), as they
account for roughly 50% of our observations (see Table A11).
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Figure A10: Distribution of the effect of borrowing constraints on welfare gains

Notes. We compute for each individual the effect of borrowing constraints on welfare gains, computed as the difference between
welfare gains taking into account borrowing constraints (A32) and the baseline formula (Equation 16 in the main text). As shown
in Equation 25 in the main tex, this difference can be interpreted as the sum of the terms corresponding to the discount-rate
channel and to the collateral channel. The figure plots the density of this object across individuals in Norway for ¢ = 0.01.
More precisely, the figure plots the relative mass of individuals within equally-spaced bins of welfare gains (width of $100). For
the sake of legibility, we do not report the relative mass of individuals with a welfare gain lower than 100 in absolute value, as
approximately half of the population has no debt. All numbers are in thousands of 2011 U.S. dollars.

D.2.3 Case of hard borrowing constraints

In the main text, we have focused on quantifying theoretically and empirically the effect of a smooth
borrowing constraint (i.e., a smooth interest-rate schedule). This methodology choice is guided by
the data, as the gradient of mortgage rate to loan-to-value appears to be fairly smooth in Norway.
For external validity, we now discuss how to quantify theoretically and empirically the effect of hard
borrowing constraints. We obtain simple formulas that are analogous, in spirit and in magnitude, to

those derived for a smooth interest-rate schedule.

Theory. We consider an economy in which individual i faces a hard borrowing constraint; that is,
when there is a strict upper bound on the amount of borrowing:

—Bjy < ®(NjiPt), (A33)

where ®(-) is a smooth function. This general specification includes both ad-hoc borrowing limits of
the form —B;; < ¢, where ¢ > 0 is a borrowing limit, as well as collateral constraints of the form
—B;; < AN;P; where A > 0 is a maximum ratio of loan to asset value.

Collateral constraints may impact even wealthy individuals. One particular reason is asset illiquid-
ity; that is, the case where adjustment costs x(N;; — Nj;_1) are large (the “wealthy hand-to-mouth” of
Kaplan and Violante, 2014). Another reason is tax avoidance: in particular, individuals may borrow
against their assets to consume as part of a “buy, borrow, die” tax avoidance strategy.”’ Just like in the

290One main reason individuals use a “buy, borrow, die” strategy is step-up in basis at death. This feature of the
U.S. tax system (and some other countries) means that dying without ever having sold an asset and passing it on
to an heir greatly reduces the heir’s capital gains tax bill if they sell the inherited asset.
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case of asset illiquidity, individuals may want to borrow as much as possible and may run into collat-
eral constraints precisely because of the differential tax treatment of borrowing and asset sales. Another
reason is that rich individuals may get direct utility from asset ownership (as in Appendix A.4.1). In this
case, individuals may not want to sell their assets precisely because of the utility benefit from ownership
and may be pushed into collateral constraint instead.*”

Note that the hard borrowing constraint (A33) can be seen as a limiting case of our general interest

schedule framework. To see this formally, consider a particular interest-rate schedule of the form:*!

-1
Qi = Qt (1 + e_g(Bf/erq)(N"/fpf)H/\/é)) . (A34)

As 0 — oo, this interest-rate schedule converges to

. Q¢ if —Bj; < ®(N;j1Pt)
lim Q;; =

f—ro0 0 otherwise.

In other words, individuals can borrow at the reference interest rate Q 1 whenever the borrowing limit
—Biy < ®(N;P) is satisfied but they face an interest rate of infinity otherwise; hence, this limiting
economy corresponds to the hard borrowing constraint (A33). See Figure A11 for a graphical represen-

tation.
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Figure Al1l: Interest-rate schedule (A34) for different values of 6

The following proposition expresses the welfare gains of a deviation in asset prices in the presence
of a hard borrowing constraint.

Proposition A11. When agent i faces a hard borrowing constraint (A33), the welfare gain of a deviation in asset
prices is
= BIU'(Ciy)

dV;o/U'(Cip) =
i,0 ( 1,0) tgo u[(cl,o)

U'(Cigs1)

((Ni,tl — Nj;)dP; — B dQ; + (Qt —p (G

> @' (N;1Pi)N; s dpt) .

This proposition says that hard borrowing constraint affect our welfare gain formula through two

30Note that, in the case of tax avoidance, rising asset prices will also affect the relative welfare of asset sellers
who use the strategy relative to those who do not. When asset prices rise, asset sellers who do not use the “buy,
borrow, die” strategy pay higher capital gains taxes, which attenuates their welfare gain (as in Appendix A.4.4). In
contrast, this attenuation effect is smaller (or non-existent) for individuals who use the strategy because they pay
less (or no) capital gains taxes in the first place.

31The term in 1/v/0 is to ensure that Q;; — Q; as 8 — o at the upper bound —B;; = ®(N;;P;).
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channels: a discount-rate channel and a collateral channel. First, when the borrowing constraint binds,
the Euler equation is not satisfied, and fU’(C;;11)/U’(C;;) < 1/Qt, which means that agents discount
more future dollars compared to the interest rate on the liquid asset (“discount rate” channel). Second,
when @' (N;+Py) > 0, arise in asset prices relaxes the borrowing constraint, which allows the individual
to consume more today at the expense of tomorrow. This is welfare improving because, in this case, the
benefit of increasing consumption today at time ¢, U’(C;;), is strictly higher than the cost of decreasing
consumption tomorrow BU’(C;¢41)/Qt (“collateral” channel).

One implication of this proposition is that, in this setting, the welfare gains of a deviation in asset
prices no longer aggregate to zero. First, there is an effect due to the discount-rate channel. With ®(-) >
0, agents at the borrowing constraint tend to be net borrowers, so they disproportionately benefit from
the welfare effect of lower interest rates. Because they are also the ones with higher discount rates, this
tends to reduce the sum of welfare gains due to lower rates across individuals. Second, there is an effect
due to the collateral channel: when ®'(N;;P;) > 0, the formula for welfare gains has an additional term
that is positive for every asset holder. While the first effect generally has an ambiguous sign, the second
effect is always positive.

We now briefly compare Proposition A11, which focuses on the effect of a hard borrowing con-
straint, to Proposition 3 (Section IV.B), which focuses on the impact of a smooth interest-rate schedule.
Both propositions say that borrowing constraints affect welfare gains through a discount-rate channel
and a collateral channel. However, the intuition for the collateral channel is slightly different across
the two propositions. Proposition 3 says that, in the presence of an interest-rate schedule, collateral
constraints affect welfare gains because higher asset prices allow agents to borrow at a lower inter-
est rate. In comparison, Proposition All says that, in the case of a hard borrowing constraint, collat-
eral constraints affect welfare gains because higher asset prices allow constrained individuals to better
smooth their consumption over time. To understand the connection between the two results, note that
U'(Cit)/(BU'(Cit41)) can be seen as the shadow interest rate of individual i; that is, to the interest
rate at which the individual is indifferent to lend or to borrow a dollar. Seen this way, as in the case
of the interest-rate schedule of Proposition 3, Proposition A1l says that a rise in asset prices increases
welfare because it allows individuals at the borrowing constraint to decrease their borrowing costs, as
they can borrow an infinitesimal amount ®'(N; ;P;)N; ; dP; at rate 1/Q; rather than at the shadow rate
U'(Cy) / (BU(Cit41))-

Finally, as in the case of the interest-rate schedule (Proposition 3), we can formally write the expres-
sion for welfare gains in the presence of a hard borrowing constraint as a sum of three terms, which
capture, respectively, welfare gains in the baseline (frictionless) model, a term capturing the discount-
rate channel, and a term capturing the collateral channel:

dVio/U'(C ZROt Nj;—1— Nj)dPr — B;; dQy)
Baseline
= (U (Ciy) )
Ly (B ~N;;)dP — B, d
t;)( U7 (Cro) Qo--- Q1) ((Niy—1 — Nj)dPs — B;; dQ;) (A35)

Discount-rate channel

Z ey ,> (Q g ((’C”)l))@’(Ni,tpt)N,,tdpt.

Collateral channel

Proof of Proposition A11. One way to derive this expression is to apply the usual Lagrangian method
augmented with the hard borrowing constraint (A33). Instead, for the sake of intuition, we use a deriva-
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tion that relies on the expression for welfare gains obtained in the case of an interest-rate schedule and
passes to the limit of a “hard” borrowing constraint. As stated in Proposition 3, the welfare gain of a
deviation in asset prices when the agent faces an interest-rate schedule is:

oo t—1
/ ) Bi,s aQi,s
dVlO/u 2 (Qz,s (1 * Qi,s aBi,s

t=0s5=0

X ((Ni,tl — Nj;)dP; — (aa%t dQ; + (E;\%It, )Nztdpt>)

Remember that the modified Euler equation (A31) in the case of an interest-rate schedule is

‘ Bit 0Qit\ _ BU'(Cit1)
o (14555 ) = P (430

Equation A36 implies that the discount rate in the expression for welfare gains can be rewritten as:

T Bis 3Qis\\ _ B'U'(Ci)
51;](:) <Qi,s (1 * Qi,s aBi,s )) B m (A37)

Equation A36 also implies that the term capturing the effect of collateral constraints can be rewritten as:

_p.._9Qi
(N Py)

N;;dP;,

Ni,t dPt = <Qi,t _ ‘Bu (Ci,t+l)> an t/a( ltPt)

u/(ci,t) an,t/aBz,t

.30 /(NP oy . . )
where the quantity WNM dP; can be interpreted as the additional amount of cash that agent i
can borrow as a result of the change in asset prices while keeping the interest rate constant. Hence, this
expression says that the collateral channel in an interest schedule model can be seen in two equivalent
ways: as the monetary value of lower interest costs in the left-hand-side (corresponding to the case
where the agent holds the amount of debt fixed), or as the welfare value of better consumption smooth-
ing in the right-hand-side (obtained when the agent borrows more in response to the rise in asset prices,
keeping the individual-specific interest rate fixed).

In the particular case of the interest-rate schedule (A34), the last equation simplifies to

ant
(N P)

:Bu ( 1t+l)

b TU(Cy)

N;;dP; = (Qi,t ) @' (N;1P;)N; ; dP;. (A38)

Plugging (A37) and (A38) into the expression for welfare gains given above yields

o BU'(Cir)
dVip/U' (Cip) = Y st
,0 ( ,0) i;) u/(CZ,O)

(M am - 3,0,52 + (g, - PG

/ . .
Q u/(ci,t> ) q> (Nl,tpt)Nl,t dPt)

Since this expression holds for any 0, it also holds in the limit § — oo (i.e., in the limit of a hard borrowing
constraint), which concludes the proof. O

Calibration approach. We now quantify the effect of a hard borrowing constraint on our welfare-
gains formula. As seen in (A35), the effects of the discount rate and collateral channels depend on two
critical statistics: (i) the difference between the shadow rate at which the individual is willing to borrow
and the market rate, as represented by Q; — BU'(Ci;4+1)/U'(Cit), and (ii) the extent to which higher
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asset prices relax the borrowing limit, ®'(N; ;).

We first discuss the quantification of Q; — BU'(C;¢41)/U’'(Ci;). This term is zero for individuals
outside the borrowing constraint but positive for individuals at the borrowing constraint. As discussed
above, this term can be interpreted as the difference between the highest rate the individual would be
willing to borrow and the cost of debt. As a specific example, it is useful to think of an entrepreneur (or
an investor) who has access to a decreasing-return-to-scale technology (or an investment opportunity)
and who cannot equalize the marginal return of the technology with the marginal cost of funds because
of collateral constraint.

We now turn to the quantification of ®'(N;;P;). Many models assume that borrowing constraints
take the form ®(N;;P;) = A;N;;P;, where A; corresponds to the limiting debt to asset ratio, which
implies ®'(N;;P) = A;. Alternatively, other models assume that borrowing limits depend on earnings
rather than collateral values (e.g., Lian and Ma, 2021, Drechsel, 2023), in which case &’ (Ni,tPt) =0.%2

Given an estimate for these two objects, we can use (A35) to quantify the effect of borrowing
constraints on welfare gains. For the sake of calibration, we now assume that the wedge between
the shadow interest rate and the cost of funding averages to Q; — U’ (C;;41)/U'(Ciy) = 5% for
agents at the constraint, that 7 = 10% of agents are at the borrowing constraint, and that the max-
imum loan-to-value ratio averages to A; = 0.5.3 1In this case, (A35) tells us that, on average, bor-
rowing constraints increase the discount rate of households by 7 (Q; — U (Cj+41)/U'(Cit)) =~ 0.5pp
(discount-rate channel) and that collateral constraints increase the welfare exposure of homeowners
to a rise in asset prices by an amount equivalent to an increase in their annual rate of home sales by
7 (Q¢ — BU'(Cip41)/U'(Cit)) Ai = 0.25pp. (collateral channel).

Note that this quantification exercise ends up being very similar, in spirit and in magnitude, to
the quantification exercise done for interest-rate schedules in the main text (Section IV.C). Indeed, we
estimated that for the interest-rate schedule Q;; = Qe Vit with ¢ = 0.01 and an agent loan-
to-value ratio LTV;; = 0.5, borrowing constraints increased the agent discount rate of an agent by
2¢ x LTV;; ~ 1pp. (discount-rate channel) and that collateral constraints increased the welfare expo-
sure of homeowners to a rise in asset prices by an amount equivalent to an increase in their annual
rate of home sales by ¢ x LTV%t ~ 0.25pp. (collateral channel). Hence, the two models end up giving
similar results. The main difference between the two models, however, is that, with an interest-rate
schedule, borrowing constraints affect all individuals in the economy (as long as they have some out-
standing debt), while, with a hard borrowing constraint, borrowing constraints purely affect the subset
of individuals for which the borrowing constraint is binding.**

D.3 Second-order

We now detail how we implement our second-order approximation of welfare gains. Multiplying and

dividing each term in the second-order approximation of welfare gains (Equation 29 in the main text)

32We would also obtain a derivative of zero in a model where the borrowing limit only depends on the “book-
value” of asset holdings N;; rather their market value N;,P;.

33 These last two numbers are roughly consistent with Chaney et al. (2012), who estimates that firm investment
increases by $0.03 in response to a $1 rise in house prices. Direct evidence on the number of firms that are borrow-
ing constrained is more scarce, Champagne and Gouin-Bonenfant (2023) estimate that 4% of Canadian SMEs are
constrained in a given year.

34This distinction would not be as stark in a stochastic environment, as most individuals would have some
probability of hitting the constraint in the future.
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by the price of the corresponding asset gives:

o K (0) — N;x+(0))P Nipi_1(0) = Nir ()P \ AP
EVZ'(Q) _ ZR(;—l»t (9/2 {Z( ik t— l ) 5 t,k,t( )) kt +( ikt l( ) 5 t,k,t( )) k,t) Pkkt,t
t=0

k=1 7

B;(0)Q:t + B (0)Qr AQ; 2
5 ) } +o0(07).

Averaging across cohorts gives

0 K N _N. N
BV, (0 ZRO% 0/2) { y ((Nz,k,t—l(o) zNz,k,t(O))Pk,t L (Niki—1(0)

- Ni,k,t(Q))Pk,t> APy,

k=1 2 P

Bu(0Q + B0 AQ ) | o
2 Qt } o).

Our assumption on counterfactual asset transactions (Equation 30 in the main text) implies

- - G'PDyy — —
(Najet(0) = Najr-1(0)) Per = Wt (Najeo(0) = Na,-1(0)) Peo
Q"'O (A39)
Bt (0)Qr = G' Qt B4,0(0)Qo-
Plugging into the formula for welfare gains above gives
0 K N t N N
ikt—1(0) = Nixi(0))Pit  G'PDyys (Najo(0) = Nog,—1(0)) Pro | APy
BV, (6 tZORo—w (0/2) { g ( 5 + PDyo 7 P,

B (0 G'<B,0(0
_ H0)Q: + 2Qo 0(0)Qo AQQtt}+0(92).

Note that all terms are now empirically observable, so we can implement this formula in the data.
Finally, to ensure robustness, we proxy the initial transactions N, ;((0) — N, _1(0) and B, (0) with
the average transactions between 1994 and 1999 (0 < t < 4) instead of the transactions in 1994 alone
(t=0).

D.4 Extrapolation

We now explain how we construct individuals’ transactions in the future. As discussed in the main
text, we assume that the average quantity of assets sold by a given cohort in a given year will equal
the average amount of assets sold by individuals of the same age in our sample after adjusting for
economic growth G = 1.01 (which corresponds to the per-capita growth rate of Norway’s GDP over
our time sample). Formally, we assume that the average transactions of individuals of age a at time
t > T is given by

1 G PDy
T+1 PDy,

Z G Qi Bu sQs,

(Na,k,t - Na,k,tfl) PDk,t - (Na,k,s - Na,k,sfl) PDk,sr
(A40)
Bu,tQt T i 1

where the right-hand side is observable. Finally, we predict the population size in each cohort using the
average death rate by age group in our sample (and that the initial size of future cohorts is the same as
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the average size of the last cohort in our sample).
Figure A12 decomposes the welfare gains asset class by asset class. Interestingly, the majority of
the impact of extrapolating price deviations is attributable to the welfare effect of lower interest rates

through future debt holdings.
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Figure A12: Welfare gain depending on the behavior of asset prices in the future, asset class by
asset class

D.5 Combining all extensions

For the sake of transparency, we have analyzed the effect of each extension separately. We conclude
this section by assessing the combined impact of all these extensions. We start with a straightforward
exercise: adding the effects of each extension linearly. Figure A13 plots the result. Overall, the cumula-
tive impact of the extensions increases welfare gains across the distribution, especially for middle-aged
cohorts.

Additionally, we do a second exercise where we combine all extensions simultaneously, taking into
account the interaction terms between the different extensions (e.g., using the individual-specific dis-
count rate from the borrowing constraints to discount the covariance terms between consumption and
asset transactions). One significant challenge is that we must extrapolate the covariance terms between
asset transactions and consumption (computed in Section IV.A) beyond our time sample. To do so, for
cohorts born before 1974 (i.e., older than 20 years old at the start of our sample), we use a log-linear ex-
trapolation of the covariance terms estimated in the last five years of the sample. For cohorts born after
1974, we use the life-cycle pattern of covariance terms estimated for the 1970-1974 cohorts (including
the log-linear extrapolation mentioned above). Figure A13 plots the result of combining all extensions.
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We find that the result is relatively close to the effect of adding extensions linearly, which validates our
decision to consider each extension separately in the main text (for the sake of simplicity).
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— — Adding extensions linearly

------ Combining extensions together

Figure A13: Welfare gains across cohorts after combining all extensions

E Additional theoretical results

E.1 Two-periods model

Deriving Equation 5. We first provide a derivation of Equation 5 in the main text. The Lagrangian
associated with the agent optimization problem is

L =U(Cip) + BU(Ci1) + Aig(Yig + (Ni—1 — Nig)Po — Cip) + Aj1(NijpD1 + Yi1 — Ciq).

The envelope theorem gives
aV; oL;
81%0 = TPS = Aio(Nj,—1 — Nig) Ro.

The first-order condition with respect to consumption at time t = 0 gives A;y = U’'(C;p), which con-

cludes the proof.

Solving for the response of consumption As discussed in Proposition A13, our notion of wel-
fare gains can be interpreted as the present value of the deviation in consumption in response to the

deviation in asset prices; indeed, by definition, we have
dVip = dU(Cig) + BdU(Ci1) = U'(Cip) dCip + U'(Ci1) dCiy.
Dividing by U'(C; ) and using the Euler equation implies
dVio/U'(Cig) = dCip + Ry 1 dCiy,

where R; = D;/Py. Hence, this equation says that the present value of the deviation in consumption
in response to asset prices is pinned down by our sufficient statistic formula (Equation 5). However,
our results are silent on how much of the consumption response happens at time ¢ = 0 relative to time
t = 1. We now derive the “term structure” of the consumption response in the context of the two-period
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model and emphasize that, in contrast with our expression for welfare gains, it depends critically on
individual preferences and, in particular, on the individual elasticity of intertemporal substitutions.

Lemma A12. In the two-period model, the consumption response to an asset-price deviation is:

dCip = MPC;o x (N;_1 — Nig)dPy —(Ci1) x MPC;o x C;1R; ' dlog Ry
dctjncome dcsubstitutiun
,0 i,0 (A41)
dCi1 = (1-MPCip) X Ry x (Nj—1 — Nig)dPy +9(Ci1) x MPC;o x C;1 dlog Ry,
dC;‘/nfumﬂ dCf,qu’if”fio’i

where MPC; oy = (1 + Ry ! Cl;i(q 1;) is the marginal propensity to consume out of income at time t = 0 and

P(C) = —U'(C)/(U"(C)C) denotes the local elasticity of intertemporal substitution.

The expressions in obtained for dC;y and dC;; are similar to those in Auclert (2019). Classically,
the consumption response to a change in asset prices can be decomposed into an income effect and a
substitution effect. The income effect, denoted dC}fgcome, equals the consumption response to a change
in initial income that is welfare-equivalent to the change in prices, (N; _1 — N;() dPy. In comparison,
the substitution effect, denoted dCiS,‘t‘bSﬁtuﬁon, equals the consumption response to the change in prices
holding welfare constant. Note that the substitution effect of a higher asset price (i.e., a lower asset
return) is positive at t = 0 and negative at t = 1. Consistently with these definitions, we have the
present value of the income response equates the welfare gain while the present value of the substitution
effect equates zero.

dVio/U'(Cip) = dCIF™  + Ry dCio™,

bstituti bstituti (A42)
Ozdcls,bl Sll.llOl'l_i_I{1 dCIS,1il 51u10n'

Proof of Lemma A12. Differentiating the budget constraints at t = 0 and t = 1 gives

dCio + (Njo — Nj—1) dPy + dN;oPy =0
dCl-,1 =D dNi,O-

Substituting out dN; o gives the consolidated (differentiated) budget constraint:
Dy
dC,‘/O + H dCl-,l = (N,‘,_l — N()) dp,. (A43)
1

Now, differentiating the Euler equation U'(C;1)/U’(C;) = Py/D; gives

u"(Ciy)

1
= A\ 4G, —
u’ (Cz,1> o

— 0 4oy = 0 (Ad4)

Hence, we obtain a system of two equations, (A43) and (A44), and two unknowns, dC; g and dC; ;. This

system can be represented as a matrix equation:

1 ll% dCip (Nj—1 — Nip) dPy
_ UG UCiy) 4 dc: = U'(Cip) dPy
U'(Cip) U"(Ci1) il u"(Ci1) b
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Solving this system gives

( dC; o ) B 1 1 - (Ni,—1 — Nig) dPy
‘ - U"(Cio) U(Ciy) P u”(Cip) U'(Ci1) U'(Cip) dpy
G ) I+ gereyn \ TC) UG ! U(C,r) P

Using the definition Ry = D1/Py and ¢(C) = —U'(C)/(U"(C)C), this simplifies to

dCio 1 1 R (Ni—1— Njo)dPy
0\ _ s : : . A45
( dCi; ) 1+ R—1Ga¥(Cir) ( qua #(Cin)Cindlog Ry )

1 Ciop(Cio) Cio#(Cip)

To conclude the proof, we now split the total consumption response into an income and substitution
effect. By definition, the income effect is the response of consumption to a change in income at t = 0
that is welfare-equivalent to the change in prices; that is, dY; o = (N; _1 — Njo) dPp. It can be obtained
by setting dlog R; to zero in (A45). Conversely, the substitution effect is defined as the consumption
response to a change in price d Py holding welfare constant. It can be obtained by setting d Py to zero in
(A45), which concludes the proof. O

E.2 Equivalent interpretations of welfare gains

In our main text, we defined the welfare gain of a deviation in asset prices as the amount of money
received in the baseline economy that would have the same impact on welfare as the deviation in asset
prices (equivalent variation). As long as the deviation in asset prices is infinitesimal, it is well known
that this quantity is the same as (minus) the amount of money received in the perturbated economy that
would return the agent to their original welfare level (compensating variation). We now list five other

equivalent ways of thinking about our notion of welfare gains in our baseline model.

Proposition A13. Consider the baseline economy described in Section I.A with an infinitesimal deviation in
asset prices. The following objects are equal:

(i) Willingness to pay for the deviation in asset prices (equivalent variation)
(ii) Deviation in welfare divided by the marginal utility of consumption
(iii) Present value of the deviation in consumption

(iv) Present value of the deviation of consumption if the individual were to maintain their original path of asset
holdings

(v) Present value of consumption times the relative deviation in consumption in every period that would gen-

erate the same increase in welfare (Lucas’s notion of welfare gain)

(vi) Minus the deviation in initial wealth necessary for individuals to maintain their original paths of consump-
tion and asset holdings (Slutsky’s wealth compensation)

Proof of Proposition A13. We show each equivalence in succession. We first prove the equality between
(i) and (ii) Denote V;o({Nix—1},Bi—1,{Qt {Prt}r}o,) the value function (or indirect utility) of the
individual problem maximizing (8) subject to (9). Define the equivalent variation of a non-infinitesimal
deviation in asset prices {6AQy, {0APy; }i }io), denoted EV;(9), as the amount of money, at time t = 0,
which would have the equivalent change in welfare as the deviation in asset prices; that is,

Vio({{Nig-1}, Bi,—1 + EVi(0), {Qt, {Pei}r o) = Vio({Nik—1}, Bi,—1,{Qt + 0AQs, { Py + 0AP s} }i2o)-
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The implicit function theorem gives

99=0Vio({Nix -1}, Bi—1,{Qt +0AQs, {Pcs + AP} }52)
98, Vio({Nix, -1}, Bi,—1, {Qt, { Pei }r }i2o)

_ 90=0Yi0({ Nis—1}, Bi,—1,{Qt + 0AQs, { P + OAPs }e}72 o)
u'(Cip)

dg—oEV;(0) =

where the second line uses the first-order condition for consumption. This implies
dEV; = dVo/U'(Cyp),

using the notations dEV; = (dp—oEV;)d# and dV;y = (dg—oVio({Nik -1}, Bi—1,{Qt + 0AQ:, { P +

OAPt}i}io)) do
We now prove the equality between (ii) and (iii). Totally differentiating the definition of welfare

(8) gives
dVip = Z BHdU(Ciy) = Z B'U'(C;y) dCy.
t=0 t=0

Combining with the Euler equation U’(C; o) = B'Ro-:U’(C; ;) gives
de O/u Z R0_1>t dCl tr

which proves the statement.
We now prove the equality between (ii) and (iv). Consider a hypothetical individual that would
not change asset holdings in response to the deviation in asset prices and denote dCﬁXGd holdings 4o

resulting deviation in consumption. Differentiating the budget constraint (9) gives:
fixed holdings K
dc;; 8 =Y (Niki—1 — Nigs) dPs — B; dOs.
k=1

Taking the present value of both terms over multiple periods and using Proposition 1 gives:
dv; 0 /u/ 2 Roﬁt d Cﬁxed holdmgs

which proves the statement. Note that this statement results from the envelope theorem: re-optimizing
asset holdings in response to a change in asset prices does not have a (first-order) effect on welfare.
This equivalence, however, breaks in more complex cases, such as when the individual faces a binding
borrowing constraint (see Proposition A11).

We now prove the equality between (ii) and (v). Consider a non-infinitesimal deviation in asset
prices {8AQy, {0APy;}x 1}, indexed by a scale 6. Denote c;(0) the relative increase in consumption
in each period that would generate the same increase in welfare as the deviation for individual i. By

definition, this quantity satisfies
AVip(0) = ) BU(Ci (14 ¢i(8))).
t=0
Differentiating around 6 = 0 gives

deO_Z,Bu ltCltdcl/
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where dVjy = (dg—9AVip) df and dc; = ¢}(0) df. Combining with Euler equation U’ (C;) = B'U’(C;t)Ro-

gives

dVip = U'(Cip) Y_ Ry2,Cisde
t=0

(9]
— dV;o/U'(Cip) = <Z Roitci,t> dc;,

t=0
which proves the statement. Note that this derivation allows us to interpret our notion of welfare
gain dividend by the present value of consumption (or “total wealth”) as the percentage increase in
consumption in every period that would have the same effect on welfare as the deviation, which corre-
sponds to the notion of welfare gain in Lucas (2000).

fixed ti d holdi ..
. Denote dBil?e consumphion and holdings 1he deviation

We now prove the equality between (ii) and (vi)
in bond holdings that would allow a hypothetical individual to maintain their original path of con-
sumption and asset holdings (beyond bonds) despite the deviation in asset prices. Differentiating the

budget constraint (9) gives:

K
fixed consumption and holdings fixed consumption and holdings
Qi dB;, —dB;; =Y (Nigt—1— Nigs) dPes — Bi; dQy,
k=1

Solving this forward and using the no-Ponzi condition gives

00 K
fixed t d holdi
apfred consumptionandholdings _ _ 3% ) <Z(Ni,k,t1 — Nijs)dPes — By th>
t=0 k=1

) K
= - Y Ryp <Z(Ni,k,t1 — Njjis—1)dPr; — Bjy th) .
t=0 k=1

Combining with Proposition 1 gives

/ fixed consumption and holdings
dVio/U'(Cip) = —dB; /

which proves the statement. O

Generalization to a stochastic environment. Proposition A13 shows the equivalence between our
notion of welfare gains and five other concepts in the context of the baseline (deterministic) economy
described in Section I.A. We now discuss how this result would generalize to stochastic economies.
First, the proposition would still hold as long as markets are complete: all the derivations in the proof
of Proposition A13 would remain the same after replacing the return of the risk-free rate asset R, tl by
the growth of the stochastic discount factor A;/Ag (see Appendix A.2).

However, the equivalents in Proposition A13 would no longer hold in the more realistic case where
markets are incomplete. More precisely, the equivalence between (i) and (ii) still holds. The equiv-
alence between (i)/(ii) and (iii)/(iv)/(v) only holds if one understands the term “present value” as
meaning “discounted by the marginal rate of substitution of the individual” (which may differ from the
economy-wide stochastic discount factor when markets are incomplete).

More importantly, the equivalence between (i)/(ii) and (vi) no longer holds: when markets are
incomplete, the agent cannot invest some initial cash in a way that ensures that the cash flow from
the trading strategy exactly covers the deviation in the budget constraint due to the deviation in asset
prices in each state of the world. As discussed in the main text, however, our baseline implementation
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of the sufficient statistic formula (Equation 16), which simply discounts realized transactions using a
homogeneous discount rate R, is still equivalent to (vi) since it corresponds to the amount of wealth
at t = 0 that, invested in the liquid asset, would have been enough, ex-post, to cover the realized

deviations in the budget constraint due to the deviation in asset prices.

E.3 Present-value budget constraint

Present-value budget constraint. We now derive the present-value budget constraint implied by
the period budget constraints (9) and the no-Ponzi condition stated in the main text. At the optimum,

the no-Ponzi condition holds with equality and is therefore given by

lim Ry, (BTQT + Z Nk 1Pik T) =0. (A46)
T—o0 =1

To derive the present-value budget constraint, it is useful to express a period budget constraint in terms
of the individual’s financial wealth

K
Wit = BisQr + Y NigtPes-

k=1
Using this definition, (9) can be rewritten as
K K
Cit+Wip =Y +ReWip_1+ Y (Rer — Re) Nijr—1Per—1 — Y X(Nige — Nigr—1), (A47)
k=1 k=1

where the reader should recall that Ry ;1 = (Dyt41 + Pitr1)/ Pry is the return of asset k and Ry =
1/Qy is the return on the one-period bond. The right-hand side of this constraint says that the individ-
ual’s capital income equals total wealth times the bond return R;W; ;_; plus the excess return from hold-
ing long-lived assets Y~ (Rit — Rt) Nit—1DP;—1 minus any adjustment costs from transacting these.
The no-Ponzi condition (A46) becomes

hm R0_>TWi,T =0. (A48)

Recursive forward substitution of the sequence of budget constraints (A47) (eliminating W; o, W;; and

so on) yields

K K
Yir+ Y (Ret — Re) Nigr—1Per—1— Y, X(Nijer — Nijr—1)
k=1 k=1

O*)T z T+ Z R0_>tC1 t = Z R0_>t + ROVVi,fl

where we have used the definition of the cumulative return Ro-; = R; - Ry - - - R;. Taking the limit as
T — oo and imposing the no-Ponzi condition (A48) yields the present-value budget constraint:

K
Yit+ Y, (Rt — Re) Nijr—1Pep1 — ZX ikt — Niki—1)
k=1 =

+RoW_1, (A49)

(o) o0

-1 _ -1
Z Ro_}tci,t = Z R0—>t
t=0 t=0

where W; _; = Zk 1 Nik—1Px,—1 + B; —-1Q—1 denotes initial financial wealth.
Alternative expression for welfare gains. While the proof of Proposition 1 uses the sequence

of period budget constraints, our welfare-gains formula can also be derived from the corresponding
present-value constraint. Here, we explain the connection between the two proofs. To illustrate most
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transparently and avoid cluttered notation, we here consider a version of the baseline model without
bonds and only one long-lived asset N; without adjustment costs. Everything generalizes to the case
covered in our baseline model; that is, to the case of a bond and K long-lived assets that are potentially
subject to adjustment costs.

In this one-asset version, the problem of the agent can be reformulated as maximizing the dis-
counted value of utility Y §° ; B/U(C; ;) subject to the following present-value budget constraint.

[e9)
Z Oﬁt 1t = ZRO%tht'f'Nz—l(PO"‘DO)

where the asset’s returnis Ry1 = (D41 + Pi4+1)/ Py, and the no-Ponzi condition is limr_,« Ro_s7Nj 7Pr =
0. Proposition 1 implies that the welfare gain is:

dvo/u'(C ZRO—n it—1— Ni)dPy. (A50)

We now show how to derive our expression for the welfare effect of asset prices from this alternative
maximization problem. Along the way, we derive two alternative expressions for the welfare-gains for-
mula (equations (A51) and (A51) below). Both are instructive and carry important economic intuition.
The Lagrangian corresponding to the maximization problem is

t=0

L; _Zﬁu 1t)+)\< i —1(Po + Do) +ZRMY cm).
t=0

where A; is the Lagrange multiplier on the present-value budget constraint. Using the envelope condi-
tion to compute dV; and that A; = U’(C;), the welfare gain from a deviation in asset prices {dP;}{,

and the associated deviation in asset returns {dR;;1}{>, equals

o0
dVio/U'(Cip) = Nj—1dPy+ ¥ (Yis — Ciy) ARy, (A51)

t=0
This equation says that the welfare gain from an asset-price change is the change in initial wealth,
N; _1dPy, plus an extra term Y ;2 (Y;; — )dR0_1>t
clarifies that when asset discount rates change, price deviations result in a revaluation of initial wealth

This formulation of the welfare-gains formula

N; _1dPy and affect the discounting in the present-value budget constraint. This is the same intuition
as the one discussed in the two-period model (Figure 1).

To derive the second alternative formulation of our welfare-gains formula, we now write this extra
term as:

o) t
Y (Vi —Cip)dRy L, = Z RyL,(Yir —Cip) (— Y dlog Rs>

t=0 s=1
= Z (Z RO%S Ci,s)> dlog R;
= Z RyY, Nit_1P_1dlogR;
t=1

[<9)
2 O%t i,tptdlogRt+1/

where the third equality uses the consolidated budget constraint from the point of view of time t. Plug-
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ging this expression into (A51) gives

dVio/U'(Cip) = Nj—1dPy+ ¥_ Ry* NPy dlog Ry 1. (A52)
t=0
The intuition is that welfare gains depend not only on prices today but also on returns going forward.
This is the same intuition as the one discussed in the two-period model (Section I.A).
Finally, to get back our main welfare formula (A50), we need to express the deviation in interest
rates in terms of the deviation in asset prices. Differentiating the definition of the asset return gives

1 dPq  dP;
dlogRyyq = R L —H= — ——.
& Ni+1 H17p, 2
Plugging into (A52) gives
> 4 dP, dp >
dVio/U'(Cip) = N;—1dPy + ¥ Ry* Ni Py (Rtf1 I;jl - Ptt) =Y RyL, (Njs_1 — Nj)dP,
t=0 t=0

-1

where the second equality uses the assumption that R, 4

dP;;1 — Oast — oo, and we have therefore

recovered our main welfare-gains formula (A50).

E.4 Equivalence between deviations in asset prices and discount rates

We mentioned in the main text that deviation in asset prices, holding dividends constant, are equiva-
lent to deviations in discount rates. We now express this idea more formally. Consider a sequence of
dividends { Dy }>, and a sequence of discount rates { Ry ;}$ . Assuming the no-bubble condition, the
price of the asset is then given by
(e}

Dy s

Pk t == —_ .
T oS Rit1 - Rics

This formula makes clear that, in the absence of dividend changes, price changes must come from
changes in discount rates. The following proposition gives a formal mapping between the two.?

Proposition A14. Holding dividends constant, a given deviation in the path of asset discount rates {dRy;}52,
generates the following deviation in asset prices {dPy;}5> _;:

dPy o [0 ( Dku)l dRys i1
b 14 =k st (A53)
Pk,t Z (H Pk,u

s=t \u=t Rk,erl

This equation gives the deviation in asset prices generated by a given deviation path in discount
rates. In spirit, this equation is very similar to Campbell and Shiller (1988)’s log linearized present-value
identity: indeed, in the particular case where the price-dividend ratio is constant on the baseline path,
Equation (A53) simplifies to

(o)
dlog Py = — 2 ps_t dlog Ry sy1,
s=t
where p = 1/(1+ Dy ;/ Pyy).
Proof of Proposition A14. Differentiating the definition of returns Ry ;1 = (Dy¢41 + Prry1)/ Pe gives

dPysy1 — Rypp1 dPiy

dRy 41 = B,

%58ee also Knox and Vissing-Jorgensen (2022) for a similar result.
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Rearranging this equation gives the deviation in prices today as a function of the deviation in returns

and prices tomorrow:

dPy; = Rk_,tlﬂpk,t dRy 41 + Rk_’tl_t,_] dPi1-
Iterating forward,
> _ dRg 511
P = Y (Rrs1 - Ris)  Prs o
s=t k,s+1
Dividing by Py,
dPp; & —1Prs dRis41
— = R ...R — A54
b, s;( ki1 -+ - Rigs) Put Reorn (A54)

Now, we have

D P, D P,
Riop1 = ks+1 + Phs+1 14 ks k,s+1/
Pk,s Pk,s Pk,s

which implies

P 8 Dy
(Rigps1-- Ris) ' =2 = <1+ = ).

Plugging this equality into (A54) gives the result. O

E.5 Connection with Auclert (2019)

Auclert (2019) examines the effect of a one-time perturbation in the path of interest rates on consump-
tion and welfare. We now discuss how this result relates to our Proposition 1. Consider an economy
where, at time ¢ = 0, individuals can trade bonds of all maturities. Denote Qj, the price of the bond
with maturity i > 1. The long-term interest rate between 0 and / is Ry, = 1/Qy,.

As in the baseline model, the individual receives labor income Y;; at time ¢, and they initially own
N; _1 shares of a long-lived asset that pays a sequence of dividends {D;}{2,,. The individual i chooses

consumption and holdings to maximize utility

[ee]
Vip = max BU(Ciy)
: {Ci,t/Ni,trBi,t}Sot;O l”

with the following sequence of budget constraints
o0
Cio+ Y BinQno = Nij—1Do + Yig fort =0,
h=1
Cit =N; 1Dy + B;j + Vi, fort>1,

where B; ;, denotes the number of bonds with maturity & bought at time t = 0. Proposition 1 states that
the welfare gain of a perturbation in the price of bonds with different maturities depends on transac-

tions:

dVio/U'(Cip) = — Y Bin dQno
=1

[
agk

(Ni 1Dy + Y, — Cijp) dQpo

>
Il
—_

[
agk

Ry %, (Cip — Yiy — Nj—1Dy,) dlog Ry

=
I
—_

This equation corresponds to Appendix formula (A.37) in Auclert (2019).
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In the special case in which the perturbation is a level shift in the yield curve (i.e., dlog Ry, =
hdlogR for h > 1), the formula simplifies to

dVio/U'(Cip) = <Z Ryt (Cin—Yin — Ni,th)h> dlogR.
=

This formula expresses the welfare gain of a permanent rise in interest rate on welfare, as a share of total
wealth, as the difference between the duration of consumption and the duration of income, where “du-
ration” is defined as the value-weighted time to maturity of a sequence of cash flows (see Greenwald,
Leombroni, Lustig and Van Nieuwerburgh, 2021).36

E.6 Comparing welfare and revaluation gains

We now explain the revaluation gains defined in Equation 17 in the main text and how these differ from
our baseline welfare-gains formula. We first consider infinitesimal price deviations {dPy  }+>¢ and then

discuss non-infinitesimal deviations { APy ; }>0.

Infinitesimal Deviations. We now discuss the relationship between welfare and revaluation gains
due to infinitesimal price deviations.

Proposition A15. Consider an asset 1 < k < K and a sequence of price deviations (d Py ;)s>0. We have:

o o Pk
Y RyL (N1 — Nigs)dPes = Y Ry, Nigs—1Pes1d <P 4 >
t=0 t=0 kt—1

Welfare gain Revaluation gain
o R — P 5 (A55)
—1 kt—1 kb
+ 2 RS Nigr-1Ps p—d (P ) .
t=0 k,t _ Pkt;l kt—1

Effect of price deviations on dividend yields

The proposition decomposes the welfare effect of the deviation in asset prices (the left-hand side in
Equation A55) into two terms. The first term (“revaluation gains”) corresponds to the positive effect
of a rise in asset prices on returns through higher capital gains. The second term corresponds to the
negative effect of higher prices on returns through lower dividend yields.

This proposition generalizes the intuition of the two-period model in a model with infinite horizon
and multiple assets. The key message is that, following a rise in asset prices, revaluation gains over-
estimate welfare gains because they only consider the positive effect of rising prices on capital gains
without taking into account their negative effects in the future through lower yields.

Finally, note that the capital gains deviation that enters the revaluation gain in (A55) can also be

P P, dp, dP;_
d( ot ) B < it APt 1) . (A56)
Pri Per—1 \ Pt Prr

written as

Proof of Proposition A15. Using summation by parts on the sequence (Rojt dPyt)i>0 and (Njg )0, the

-1 Ch

0=h ¥ Ry L4 Con

36More specifically, the duration of consumption is ¥;° ; R h while the duration of income is

Yin+Ni—1Dy

o -1
"+ R — h.
Li=1 0=hy 3 RyL, (Yiu+N;-1Ds)
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welfare gain for asset k can be rewritten as:

[e) (9]

Y Ry, (Nigs—1— Nigs)dPes = Y Nigi1 (Rgit dP; — Ry, de,t—l)
=0 =0

© dP,; — RydP,; ;
=Y Ry Nijr1Pep1—2 A1,
=0

Pri1

(A57)

This equation highlights a duality between measuring welfare gains as the present value of sales inter-
acted with price deviations (the left-hand side) and the present value of asset holdings interacted with
return deviations (the right-hand side).

To see why (dP; — Ry dPy;_1)/Pit—1 can be interpreted as the deviation in returns, note that we

have:
dP,, — ki dp, Pt gp., | — R, dP
de,t — Ry de,t—l _ k.t Pir1 kt—1 L Per 1 kt—1 t Al 1
Priq Priq Priq
_ P (dpk,t B de,tl) n ( Py Rt) dPes1
Per1 \ Pry Pt Priq Priq
Pt
. P Ry — Peiq Dy \ dP—1
=d{3 + P \ P P
ke t—1 Ris — - ko t—1 K t—1
Py
P Rt — 5 D
- d( L ) TR Y d( kit ) (A58)
Pt Ryt — p kt Priq
4 kt—1

where the third line uses the definition of the return of asset k at time t Ry ; = (Dt + Pyt)/ P t—1. This
equation decomposes (dP; — R;dPy;_1)/Pr;_1 into a part due to the deviation in capital gains (the
first term in the RHS) and a part due to the deviation in dividend yields (the second part in the RHS).
In the particular case where Ri; = R; (no adjustment costs), we have (dPy; — Ry dPc;—1)/Prr1 =
d(Pxt/Pry—1)+d(Dgi/Prs—1); thatis, (dPc; — Ry dPy;—1)/ Py s—1 corresponds exactly to the deviation
in the return of asset k. Combining (A57) with (A58) concludes the proof. O

Non-infinitesimal deviations. We measure welfare and revaluation gains using non-infinitesimal
price changes in our empirical application. We now derive a counterpart of Proposition A15 above for

non-infinitesimal price deviations.

Corollary A16. Consider an asset 1 < k < K and a sequence of non-infinitesimal changes in prices (AP ;)s>0.
We have:

[e) B 0 3 Pk
Y Ry, (Nigi—1— Nigs) APy =Y Ry, Niji—1Pes1 A (P i )
t=0 t=0 kt—1
Welfare gain Revaluation gain
A59
+ iR_l Nijet-1Ppt-1 ( Per Rt) A1 o
e VO Pt
Effect of price deviations on dividend yields
where we define
P by AP, APy
A ( ket > _ P ( Kt AP 1) (A60)
Pyt Pet—1 \ Pt Pria

as the deviation in the capital gains component Py y / Py 1 of asset returns caused by the price deviation { APy ; }>o.
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Note that A (Py;/Ps_1) defined in (A60) is the natural discrete counterpart to d (Pr¢/Pi;—1) in
(A56).

Proof of Corollary A16. The proof follows the same steps as the proof of Proposition A15, except with

non-infinitesimal price deviations. Using summation by parts:

00 B ot B Apk — RtAPk -1
Y Roi (Nige—1 = Nigs) APy = Y Ry Nijs 1Py 1 —2 P —
L = t—1

In turn, we can write

P, P,
APy — RiAPy_y  DPit— 35 0Pk . oy APet—1 — ReAPs
Pri Pri1 Pri 1

Plugging into the previous equation gives

[ee] [ee]
_ _ Py
Z R0—1>t (Nijkt—1— Nigs) APy = Z RoitNi,k,t—l (Apk,t P - APk,tl)
t=0 t=0 kt—1
RN ( Pt ap R;AP, )
+ 0-tNikt—1 | = AFkt—1 = Rebler—1 ) -
=0 kt—1

Rearranging gives the result. Finally, note that as price deviations become infinitesimal, each term in

the formula converges to the respective term in Proposition A15. O

References

Auclert, Adrien, “Monetary policy and the redistribution channel,” American Economic Review, 2019,
109 (6), 2333-67.

Bank, Norges, “Norway’s financial system,” 2021.

Campbell, John Y and Luis M Viceira, Strategic asset allocation: portfolio choice for long-term investors,
Clarendon Lectures in Economic, 2002.

— and Robert J Shiller, “The dividend-price ratio and expectations of future dividends and discount
factors,” The Review of Financial Studies, 1988, 1 (3), 195-228.

Champagne, Julien and Emilien Gouin-Bonenfant, “Monetary Policy and Employment: Do Financial
Constraints Matter?,” Technical Report, Working paper 2023.

Chaney, Thomas, David Sraer, and David Thesmar, “The collateral channel: How real estate shocks
affect corporate investment,” American Economic Review, 2012, 102 (6), 2381-2409.

Drechsel, Thomas, “Earnings-based borrowing constraints and macroeconomic fluctuations,” American
Economic Journal: Macroeconomics, 2023, 15 (2), 1-34.

Gordon, Myron J and Eli Shapiro, “Capital equipment analysis: the required rate of profit,” Manage-
ment science, 1956, 3 (1), 102-110.

Greenwald, Daniel L, Matteo Leombroni, Hanno Lustig, and Stijn Van Nieuwerburgh, “Financial
and total wealth inequality with declining interest rates,” Technical Report, National Bureau of Eco-
nomic Research 2021.

Hirano, Tomohiro and Alexis Akira Toda, “Bubble necessity theorem,” Journal of Political Economy,
accepted.

Jorda, Oscar, Katharina Knoll, Dmitry Kuvshinov, Moritz Schularick, and Alan M Taylor, “The rate
of return on everything, 1870-2015,” The quarterly journal of economics, 2019, 134 (3), 1225-1298.

68



Kaplan, Greg and Giovanni L Violante, “A model of the consumption response to fiscal stimulus
payments,” Econometrica, 2014, 82 (4), 1199-1239.

Knox, Benjamin and Annette Vissing-Jorgensen, “A stock return decomposition using observables,”
2022.

Krueger, Dirk, Kurt Mitman, and Fabrizio Perri, “Macroeconomics and household heterogeneity,” in
“Handbook of macroeconomics,” Vol. 2, Elsevier, 2016, pp. 843-921.

Krugman, Paul, “Pride and Prejudice and Asset Prices,” Blog post 2021.

Lian, Chen and Yueran Ma, “Anatomy of corporate borrowing constraints,” The Quarterly Journal of
Economics, 2021, 136 (1), 229-291.

Lucas, Robert E., “Inflation and Welfare,” Econometrica, 2000, 68 (2), 247-274.

Martin, Ian WR, “Consumption-based asset pricing with higher cumulants,” Review of Economic Studies,
2013, 80 (2), 745-773.

Nardi, Mariacristina De, “Wealth inequality and intergenerational links,” The Review of Economic Stud-
ies, 2004, 71 (3), 743-768.

Oyama, Daisuke and Tomoyuki Takenawa, “On the (non-) differentiability of the optimal value func-
tion when the optimal solution is unique,” Journal of Mathematical Economics, 2018, 76, 21-32.

Wang, Chong, Neng Wang, and Jinqiang Yang, “Optimal consumption and savings with stochastic
income and recursive utility,” Journal of Economic Theory, 2016, 165, 292-331.

69



	Appendix on theoretical framework 
	Welfare gains in a deterministic environment
	Welfare gains in a stochastic environment 
	Extension of Proposition 1 to a stochastic environment (comparative statics exercise)
	Welfare effects of potentially insurable shocks 

	Welfare gains in general equilibrium 
	General equilibrium model with production
	An analytically tractable special case: two-period OLG

	Extensions
	Individual preferences
	Finite lives and bequests
	Businesses
	Government


	Appendix on empirical framework 
	Interpreting price deviations away from constant price-dividend ratio
	Microdata on holdings and transactions
	Summary statistics and validation
	Imputing indirect holdings and transactions 

	Data on asset prices
	Alternative measure of the housing price-to-rent ratio

	Redistribution across sectors
	Data sources
	Results
	Domestic versus foreign price indices


	Appendix on generalizing the baseline sufficient statistic 
	Uninsurable income risk
	Empirical implementation of Equation 20
	Quantifying welfare gains in models of incomplete markets

	Borrowing constraints and collateral effects 
	Proof of Proposition 3
	Empirical implementation
	Case of hard borrowing constraints

	Second-order
	Extrapolation
	Combining all extensions

	Additional theoretical results 
	Two-periods model
	Equivalent interpretations of welfare gains
	Present-value budget constraint 
	Equivalence between deviations in asset prices and discount rates
	Connection with Auclert
	Comparing welfare and revaluation gains


